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格子場の理論とは？
・素粒子物理学の一分野

・連続的な時空間を離散的な格子に置き換え，
その格子の上に定義された場の理論を考える

・場の理論の厳密な定式化（摂動論によらない）

・有限の格子を考えれば，有限自由度の系

・格子点の間隔をゼロにする極限で連続時空上の場の理論
を定義する
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格子ゲージ理論
・格子上に定義されたゲージ理論
・素粒子の基礎理論はゲージ理論
・格子上で厳密なゲージ対称性を実現10 E FF ECTIVE ACTION FOR COMPOSITE OPERATORS

{1973); S. Weinberg, iMd. 7, 2887 {1973);R. Jackiw,
Ref. 4.

t~The analysis of the physical interpretation. of Z{P, G)I,~„,
is an adaptation to the present context of the correspond-
ing argument for P5)~„,,„.. That discussion is due to
K. Symanzik, Commun. Math. Phys. 16, 48 {1970). We

learned it from S. Coleman, in proceedings of the
Lectures given at the International Summer School of
Physics "Ettore Majorana, " 1973 {unpublished).

~oR. Dashen, B. Hasslacher, and A. Neveu, Phys. Rev.
D {tobe published).
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Confinement of qnarks*

Kenneth G. %ilson
Laboratory of nuclear Studies, Cornell University, Ithaca, iVevv York l4850

{Received 12 June 1974)

A mechanism for total confinement of quarks, similar to that of Schwinger, is defined which requires
the existence of Abelian or non-Abelian gauge fields. It is shown how to quantize a gauge field theory
on a discrete lattice in Euclidean space-time, preserving exact gauge invariance and treating the gauge
fields as angular variables {which makes a gauge-fixing term unnecessary). The lattice gauge theory has
a computable strong-coupling limit; in this limit the binding mechanism applies and there are no free
quarks. There is unfortunately no Lorentz (or Euclidean) invariance in the strong-coupling limit. The
strong-coupling expansion involves sums over all quark paths and sums over all surfaces {on the lattice)
joining quark paths. This structure is reminiscent of relativistic string models of hadrons.

I. INTRODUCTION

The success of the quark-constituent picture
both for resonances and for deep-inelastic elec-
tron and neutrino processes makes it difficult to
believe quarks do not exist. The problem is that
quarks have not been seen. This suggests that
quarks, for some reason, cannot appear as sep-
arate particles in a final state. A number of
speculations have been offered as to how this
might happen. '
Independently of the quark problem, Schwinger

observed many years ago' that the vector mesons
of a gauge theory can have a nonzero mass if vacu-
um polarization totally screens the charges in a
gauge theory. Schwinger illustrated this result
with the exact solution of quantum electrodynamics
in one space and one time dimension, where the
photon acquires a mass -e' for any nonzero charge
e [e has dimensions of (mass)'~' in this theory J.
Schwinger suggested that the same effect could oc-
cur in four dimensions for sufficiently large cou-
pllngs.
Further study of the Schwinger model by Lowen-

stein and Swieca' and Casher, Kogut, and Suss-
kind' has shown that the asymptotic states of the
model contain only massive photons, not elec-
trons. Nevertheless, as Casher clat. have shown
in detail, the electrons are present in deep-in-
elastic processes and behave like free pointlike

particles over short times and short distances.
The polarization effects which prevent the ap-
pearance of electrons in the final state take place
on a longer time scale (longer than 1/m&, where
rn& is the photon mass).
A new mechanism which keeps quarks bound

will be proposed in this paper. The mechanism
applies to gauge theories only. The mechanism
will be illustrated using the strong-coupling limit
of a gauge theory in four-dimensional space-time.
However, the model discussed here has a built-in
ultraviolet cutoff, and in the strong-coupling limit
all particle masses (including the gauge field
masses) are much larger than the cutoff; in con-
sequence the theory is far from covariant.
The confinement mechanism proposed here is

soft (long-time scale). However, in the model dis-
cussed here the cutoff spoils the possibility of
free pointlike behavior for the quarks.
The model discussed in this paper is a gauge

theory set up on a four-dimensional Euclidean lat-
tice. The inverse of the lattice spacing a serves
as an ultraviolet cutoff. The use of a Euclidean
space (i.e., imaginary instead of real times) in-
stead of a Lorentz space is not a serious re-
striction; the energy eigenstates (including scat-
tering states) of the lattice theory can be deter-
mined from the "transfer-matrix" formalism as
has been discussed by suri' and reviewed by
Wilson and Kogut. ' A brief discussion of the

Wilson, PRD10(1974)2445
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・Wilsonの格子ゲージ理論の論文から今年で50年
・臨界現象に関する理論で1982年にNobel賞を受賞



格子上での自由度の定義
・ゲージ自由度は格子の辺（link）の上に定義

・ゲージ自由度はゲージ群上に値をとる

・物質場（フェルミオン）は格子点（site）の上に定義

𝜇

𝜈
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格子ゲージ理論によるQCD：格子QCD
・摂動論によらない場の理論の定式化

・量子色力学（QCD）が自然かつ重要なターゲット

・QCDが記述する「強い相互作用」は漸近的に自由

41 9. Quantum Chromodynamics

Table 9.1: Unweighted and weighted pre-averages of –s(m2

Z) for each sub-
field in columns two and three. The bottom line corresponds to the com-
bined result (without lattice gauge theory) using the ‰

2 averaging method.
The same ‰

2 averaging is used for column four combining all unweighted
averages except for the sub-field of column one. See text for more details.

averages per sub-field unweighted weighted unweighted without subfield
· decays & low Q

2 0.1173 ± 0.0017 0.1174 ± 0.0009 0.1177 ± 0.0013
QQ̄ bound states 0.1181 ± 0.0037 0.1177 ± 0.0011 0.1175 ± 0.0011
PDF fits 0.1161 ± 0.0022 0.1168 ± 0.0014 0.1179 ± 0.0011
e

+
e

≠ jets & shapes 0.1189 ± 0.0037 0.1187 ± 0.0017 0.1174 ± 0.0011
hadron colliders 0.1168 ± 0.0027 0.1169 ± 0.0014 0.1177 ± 0.0011
electroweak 0.1203 ± 0.0028 0.1203 ± 0.0016 0.1171 ± 0.0011
PDG 2023 (without lattice) 0.1175 ± 0.0010 0.1178 ± 0.0005 n/a

�s(mZ
2) = 0.1180 ± 0.0009
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Figure 9.5: Summary of determinations of –s as a function of the energy scale Q compared to
the running of the coupling computed at five loops taking as an input the current PDG average,
–s(m2

Z) = 0.1180 ± 0.0009. Compared to the previous edition, numerous points have been updated
or added.

that the weighted averages are rather close to the unweighted ones. However, the uncertainties
become significantly smaller. This approach may be too aggressive as it ignores the correlations
among the data, methods, and theory ingredients of the various determinations. We feel that the
uncertainty of ±0.0005 is an underestimation of the true error. We also note that in the unweighted
combination the estimated uncertainty for each sub-field is larger than the spread of the results as
given by the standard deviation. In the weighted fit this crosscheck fails in four out of six cases.

The last several years have seen clarification of some persistent concerns and a wealth of new
results at NNLO, providing not only a rather precise and reasonably stable world average value
of –s(m2

Z), but also a clear signature and proof of the energy dependence of –s in full agreement

31st May, 2024

Particle Data Group, 2024

・低エネルギー領域は
摂動論でアクセス不可能
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格子QCDの計算
・格子QCD = クォークとグルーオンからなる4次元の統計系

・格子場の理論の経路積分は単なる多重積分

∫∏'∈()*+,.d𝜙 𝑥 e./!"#$%[1]

・モンテカルロ法で計算できる

∫∏3∈45+.d𝜑 𝑛 e./&'$[6]PACS-CS results for 2+1 flavor lattice QCD simulation on and off the physical point
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Figure 6: Light hadron spectrum extrapolated to the physical point (red circles) in comparison with the
experimental values (black bars).

the MILC results obtained with two-loop renormalization factors are found in the middle of ours
and the RBC/UKQCD ones. We are now evaluating the nonperturbative renormalization factors
employing the Schrödinger functional scheme.

In Table 4 we also present the results for the pseudoscalar meson decay constants at the
physical point employing the perturbative renormalization factor at one-loop level. We find that
our results are consistent with the experimental values within the errors. On the other hand, the
RBC/UKQCD results are smaller than the experimental values by 5%, albeit rather large systematic
uncertainties are estimated. Since the MILC results are free from the uncertainties due to the finite
renormalization, they use fπ as a physical input.

Table 4: Cutoff, renormalized quark masses, pseudoscalar meson decay constants determined with mπ , mK
and mΩ as physical inputs. Quark masses are renormalized at 2 GeV.

physical point experiment[43] RBC/UKQCD[29] MILC[30]
w/o FSE w/ FSE

a−1 [GeV] 2.176(31) 2.176(31) − 1.729(28) continuum
mMS

ud [MeV] 2.509(46) 2.527(47) − 3.72(16)(33)(18) 3.2(0)(1)(2)(0)
mMS

s [MeV] 72.74(78) 72.72(78) − 107.3(4.4)(9.7)(4.9) 88(0)(3)(4)(0)
ms/mud 29.0(4) 28.8(4) − 28.8(0.4)(1.6) 27.2(1)(3)(0)(0)
fπ [MeV] 132.6(4.5) 134.0(4.2) 130.7±0.1±0.36 124.1(3.6)(6.9) input
fK [MeV] 159.2(3.2) 159.4(3.1) 159.8±1.4±0.44 149.6(3.6)(6.3) 156.5(0.4)(+1.0

−2.7)

fK/ fπ 1.201(22) 1.189(20) 1.223(12) 1.205(18)(62) 1.197(3)(+6
−13)

6. Results of the physical point simulation

A direct simulation at the physical point is attempted by choosing the hopping parameters as
(κud,κs) = (0.137785,0.13660), which is estimated using the four data set with κud ≥ 0.13754.

10

PACS-CS Collaboration, Kuramashi+, Lattice2008

・ハドロン質量

・行列要素
・核力

・QCDが基礎理論である証拠
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モンテカルロ法の符号問題 1/3
・Integrandが実数でないとモンテカルロ法の適用は難しい

・モンテカルロ法で計算するのは次のような期待値

𝐴 = ∫ 8'9() * :(')
∫ 8'9() *

𝑥 ∈ ℝ"
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モンテカルロ法の符号問題 2/3
・もし𝑆が複素数だと？

𝐴 = ∫ 8'9(+,) * (%-.) * :(')
∫ 8'9(+,) * (%-.) * = ∫ 8'9(+,) * (%-.) * :(')/ ∫ 8'9(+,) *

∫ 8'9(+,) * (%-.) * / ∫ 8'9(+,) *

𝐴 =
e!"#$% & 𝐴 𝑥 '(
e!"#$% & '(

・再重み付け法を使う

・虚部を𝐴 𝑥 に押し付け，e.@9/ ' でモンテカルロする

・𝑥 ∈ ℝAで𝑁 ≫ 1の時は分母も分子も激しい振動積分になる

7/39



モンテカルロ法の符号問題 3/3
・モンテカルロ法はサンプル平均によって期待値を計算する

𝐴 =
e!"#$% & 𝐴 𝑥 '(
e!"#$% & '(

≃
e!) * ± 𝑂(1/ 𝑁+,$-.()
e!) * ± 𝑂(1/ 𝑁+,$-.()

・分母と分子を精密に計算するためには…

・e!" # ≳ 𝑂(1/ 𝑁$%&'()) ⇒ 𝑁$%&'() ≳ e" #

・指数関数的に大きなサンプル数が要求される

・これが符号問題
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符号問題が生じる例
・有限密度のQCD

Rep. Prog. Phys. 74 (2011) 014001 K Fukushima and T Hatsuda

Figure 1. Conjectured QCD phase diagram with boundaries that define various states of QCD matter based on SχB patterns.

and sets a natural scale for the critical temperature of
chiral restoration. In the chiral perturbation theory (χPT)
the chiral condensate for two massless quark flavours at
low temperature is known to behave as ⟨ψ̄ψ⟩T /⟨ψ̄ψ⟩ =
1 − T 2/(8f 2

π ) − T 4/(384f 4
π ) − · · · with the pion decay

constant fπ ≃ 93 MeV [29]. Although the validity of
χPT is limited to low temperature, this is clear evidence
of the melting of chiral condensate at a finite temperature.
At low baryon density, likewise, the chiral condensate
decreases as ⟨ψ̄ψ⟩nB/⟨ψ̄ψ⟩ = 1 − σπN nB/(f 2

π m2
π )− · · ·

[30–32] where σπN ∼ 40 MeV is the π–N sigma term.
(For higher order corrections, see [33, 34].)
The chiral transition is a notion independent of the
deconfinement transition. In section 3.2 we classify the
chiral transition according to the SχB pattern.

2.2. Conjectured QCD phase diagram

Figure 1 summarizes our state-of-the-art understanding on the
phase structure of QCD matter including conjectures which
are not fully established. At present, relatively firm statements
can be made only in limited cases—phase structure at a finite
T with a small baryon density (µB ≪ T ) and that at an
asymptotically high density (µB ≫ %QCD). Below we will
take a closer look at figure 1 from a smaller to larger value of
µB in order.

Hadron-quark phase transition at µB = 0. The QCD phase
transition at finite temperature with zero chemical potential
has been studied extensively in the numerical simulation on
the lattice. Results depend on the number of colours and
flavours as expected from the analysis of effective theories
on the basis of the renormalization group together with the
universality [35, 36]. A first-order deconfinement transition
for Nc = 3 and Nf = 0 has been established from the
finite-size scaling analysis on the lattice [37], and the critical
temperature is found to be Tc ≃ 270 MeV. For Nf > 0

light flavours it is appropriate to address more on the chiral
phase transition. Recent analyses on the basis of the staggered
fermion and Wilson fermion indicate a crossover from the
hadronic phase to the quark–gluon plasma for realistic u, d
and s quark masses [38, 39]. The pseudo-critical temperature
Tpc, which characterizes the crossover location, is likely to be
within the range 150–200 MeV as summarized in section 4.2.

Even for the temperature above Tpc the system may be
strongly correlated and show non-perturbative phenomena
such as the existence of hadronic modes or pre-formed
hadrons in the quark–gluon plasma at µB = 0 [28, 40]
as well as at µB ̸= 0 [41–43]. Similar phenomena can
be seen in other strong-coupling systems such as the high-
temperature superconductivity and in the BEC regime of
ultracold fermionic atoms [44].

QCD critical points. In the density region beyond µB ∼ T
there is no reliable information from the first-principles lattice
QCD calculation. Investigation using effective models is a
pragmatic alternative then. Most of the chiral models suggest
that there is a QCD critical point located at (µB = µE, T = TE)
and the chiral transition becomes first order (crossover) for
µB > µE (µB < µE) for realistic u, d and s quark masses
[45–48] (see point E in figure 2). The criticality implies
enhanced fluctuations, so that the search for the QCD critical
point is of great experimental interest [49, 50].

There is also a possibility that the first-order phase
boundary ends at another critical point in the lower-T and
higher-µB region whose location we shall denote by (µF, TF)
as shown by point F in figure 2. As discussed in section 6,
the cold dense QCD matter with three degenerate flavours
may have no clear border between superfluid nuclear matter
and superconducting quark matter, which is called the quark–
hadron continuity.

In reality, the fate of the above critical points (E and F)
depends strongly on the relative magnitude of the strange quark
mass ms and the typical values of T and µB at the phase
boundary.

3

Fukushima-Hatsuda, Rept. Prog. Phys. 74(2011)014001

・θ真空

・カイラルゲージ理論

・超対称性

・実時間シミュレーション

・QCDは豊かな相構造を持つと考えられているが，
その第一原理計算は依然として難しい
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モンテカルロ以外の方法は？
・量子計算

・問題設定そのものの変更

・テンソルネットワーク

・経路積分形式（積分計算）ではなく
演算子形式（固有値問題）に基づく計算を行う

・経路積分形式（積分計算），
演算子形式（固有値問題）の両方に応用できる

・量子超越性の検証

IBM Kawasaki
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テンソルネットワーク
・計算対象を無数のテンソルからなる縮約で表現することで
得られる量子多体系の研究手法の総称

・統計物理学、物性物理学の分野で発展してきた手法

・極めて精緻な変分法

・系統的に計算精度の改善が可能な実空間繰り込み群

・量子回路のシミュレーション

Liu+, SC ’21(2021)12

Cf. ランダム量子回路の古典サンプリング
量子計算で200秒 by Google
古典計算で304秒 （当初の見積もりだと1万年）

Arute+, Nature574(2019)595
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ダイアグラム記法 1/2
・テンソルの脚を外線で表す

スカラー → 0脚テンソル

ベクトル → 1脚テンソル

行列 → 2脚テンソル

𝒓階テンソル → 𝒓脚テンソル

4階テンソル → 4脚テンソルEx.

𝐴/0

𝑣/

𝑐

𝑇/012

𝑖

𝑖 𝑗

𝑖 𝑘

𝑗

𝑙
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ダイアグラム記法 2/2
・縮約を内線で表す

Ex. 1
∑/𝐴/𝐵/

𝑖

Ex. 2

∑123𝐴/12𝐵23𝐶013
𝑖

𝑗

𝑘

𝑙

𝑚

𝐴 𝐵

𝐴

𝐵

𝐶
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テンソルネットワークの分解 1/3
・特異値分解

𝑀BC = ∑DEF
G,*(H,3)𝑈BD𝜎D𝑉CD∗

・特異値𝝈𝒌はゼロ以上の実数（以下では降順にとる）

・任意の𝑚×𝑛行列𝑀に対して次の分解が可能

・𝑈, 𝑉はユニタリ行列（𝑀が矩形ならisometry）

𝜎F ≥ 𝜎L ≥ ⋯ ≥ 𝜎G,* H,3 ≥ 0

=
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テンソルネットワークの分解 2/3
・低ランク近似

・行列のFrobeniusノルム

𝑀 ≔ ∑B∑C 𝑚BC
L
= Tr 𝑀M𝑀 = ∑DEF

G,* H,3 𝜎DL

・特異値分解はFrobeniusノルムの意味で最良な低ランク
近似を与える

min
𝝌

𝑀 − C𝑀

C𝑀BC = ∑DEF
𝝌 𝑈BD𝜎D𝑉CD∗
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テンソルネットワークの分解 3/3
・行列積分解

・テンソルを行列とみなし，特異値分解を繰り返す

Schollwöck, Rev. Mod. Phys. 77 (2005) 259-315

・多脚テンソルを一次元的なTNとして表現
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量子多体系への応用 1/3
・量子多体系の状態ベクトル

・係数はテンソル（#要素 ∼ eA）
⟩|Ψ = ∑B/,B0,⋯,B1ΨB/B0⋯B1 HI𝑖F𝑖L⋯𝑖A

・係数テンソルの行列積分解（#要素 ∼ 𝑂 𝑁 ）
・物理的な自由度と仮想的な自由度

𝑖# 𝑖$ 𝑖" 𝑖# 𝑖$ 𝑖"
𝑂 e" 𝑂 𝑁

→

・仮想的な自由度のサイズをボンド次元と呼ぶ
・ボンド次元𝜒 = 1だと無相関
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量子多体系への応用 2/3
・エンタングルメント・エントロピー（E.E.）の面積則

・多くの場合，低エネルギー状態ではE.E.は部分系の
体積ではなく面積に比例 Einsert+, Rev. Mod. Phys. 82(2010)277

・有限ボンド次元𝜒でも精度良い計算ができる可能性がある

・ボンド次元を上げていくことで
系統的な精度改善ができる

𝜒 = 3𝜒 = 4
𝜒 = 2

状態空間
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量子多体系への応用 3/3
・密度行列繰り込み群 (Density Matrix RG; DMRG)

White, Phys. Rev. Lett. 69 (1992) 2863

Exact GS energy -62.94548456051769
DMRG (𝝌 = 𝟑𝟐) -62.94547426
DMRG (𝝌 = 𝟏𝟐𝟖) -62.94548456

These values are obtained by the example code of DMRG from Tensors.net by Glen Evenbly

・1次元XX模型でのデモンストレーション
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2次元以上の量子多体系への応用
⚫ From MPS to Tensor Network State (TNS)

⚫ (infinite) Projected Entangled Pair States (PEPS)

⚫ Tree Tensor Network (TTN)

Verstraete-Cirac, arXiv:cond-mat/0407066
Cf. “Tensor Product State” by Nishino+, Prog. Theor. Phys. 105 (2001) 409-17

Corboz-Orús-Bauer-Vidal, PRB81(2010)165104

Shi-Duan-Vidal, PRA74(2006)022320 
Tagliacozzo-Evenbly-Vidal, PRB80(2009)235127 

Silvi-Giovannetti-Montangero-Rizzi-Cirac-Fazio, PRA81(2010)062335

⚫ The natural generalization of MPS

⚫ Satisfies the area law of entanglement entropy

⚫ Hierarchical tensor network w/o loops

⚫ Similarity with the real-space RG

⚫ Isometric TNS (isoTNS) Zaletel-Pollmann, PRL124(2020)037201

⚫ Generalization of the isometric condition 
of MPS to higher dimensions

Isometric tensor network states in two dimensions

Michael P. Zaletel1 and Frank Pollmann2, 3

1Department of Physics, University of California, Berkeley, CA 94720, USA
2Technische Universität München, Physics Department T42, 85747 Garching, Germany

3Munich Center for Quantum Science and Technology (MCQST), Schellingstr. 4, D-80799 München
(Dated: February 10, 2020)

Tensor network states (TNS) are a promising but numerically challenging tool for simulating
two-dimensional (2D) quantum many-body problems. We introduce an isometric restriction of the
TNS ansatz that allows for highly e�cient contraction of the network. We consider two concrete
applications using this ansatz. First, we show that a matrix-product state representation of a 2D
quantum state can be iteratively transformed into an isometric 2D TNS. Second, we introduce a 2D
version of the time-evolving block decimation algorithm (TEBD2 ) for approximating of the ground
state of a Hamiltonian as an isometric TNS—which we demonstrate for the 2D transverse field Ising
model.

Overcoming the exponential growth of complexity
when simulating quantum many-body systems is one of
the most challenging goals in computational physics. For
ground state properties of one-dimensional systems (1D)
this challenge was answered by the density matrix renor-
malization group (DMRG) algorithm, which provides an
essentially exact numerical solution of gapped 1D lattice
models [1] and field theories [2]. Subsequently under-
stood as a variational method over the class of matrix
product states (MPS) [3, 4] its success follows from the
ability of MPS to adequately capture the area-law en-
tanglement characteristic of gapped ground states [5]. A
central goal has been to generalize the success of DMRG
to higher dimensions. For certain classes of states, this is
achieved by so called tensor network states (TNS) whose
connectivity reflects the geometry of many-body entan-
glement [6, 7]. However, while evaluating properties of
1D MPS is highly e�cient (scaling with the tensor di-
mension � and system size N as N�3), exactly evalu-
ating properties of TNS in higher dimensions is generi-
cally exponentially hard. Consequently, there has been a
long-standing e↵ort to determine the best way to numeri-
cally approximate TNS contractions in order to minimize
the variational energy of TNS for given a Hamiltonian.
Progress has been made for two-dimensional (2D) sys-
tems by introducing a number of algorithms to manipu-
late and optimize TNS for various lattice models [6–21].
However, at this point it is fair to say that the “right”
way to generalize 1D DMRG is not yet agreed upon.

In this work, we study a restriction of the TNS ansatz,
which we dub “isoTNS,” which allows for highly e�cient
contraction of the network. When collapsing either the
rows or columns of the 2D network it reduces to the
canonical form of a 1D MPS [22, 23]. As a result, any 1D
MPS algorithm, such as DMRG [1] or the time depen-
dent block decimation (TEBD) [22], can be turned into
a 2D algorithm by applying it in a nested loop with re-
spect to the rows and columns of the 2D isoTNS. While
the ansatz we discuss is known to some practitioners [24],
and is related to a previous work on correlated contour

(b)

(c)

(a) (d)

�1,1

FIG. 1. Schematic representation of the canonical form in
1D and 2D. (a) Left and right isometries are represented by
arrows whose orientation indicates whether A†A = BB† = 1.
We view the isometry as an RG-like procedure from the large
Hilbert space (incoming arrows) to the smaller one (outgoing
arrows). In the case of higher-rank tensors, the contraction
A†A = 1 is always over all the incoming arrows. (b) A 1D
MPS can be brought into a mixed canonical form with orthog-
onality center ⇤. Note that each dangling physical index im-
plicitly has an incoming arrow. (c) Expectation values of local
operators can be directly obtained from ⇤. (d) 2D canonical
form with “orthogonality hypersurfaces” ⇤ (column and row
highlighted in red). The orthogonality center � is marked by
a red dot. In blue we indicate an example of a subregion with
only outgoing arrows, whose boundary map is consequently
an isometry.

.

states, [25] it does not seem to have been studied in prac-
tice. Here we introduce a key procedure for manipulat-
ing isoTNS, the “Moses Move” (MM), and demonstrate
its utility with two concrete applications: First we show
that a 1D MPS representation of a 2D quantum state can
be iteratively transformed into an isoTNS, and examine
the resulting entanglement properties. Second we imple-
ment a “TEBD2 ” algorithm and use it to approximate
the ground state of the 2D transverse field Ising model
as an isoTNS.
The isometric tensor network ansatz. We first review
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distribution of the coupling symmetry sectors within the
tensors as well. In order to ensure convergence during the
optimization, we dynamically increase the bond dimension
locally, allowing us to adapt the symmetry sectors within
the tree. In particular, we exploit the single tensor opti-
mization with subspace expansion presented in Ref. [74],
which approximates a two-site update by expanding the
connecting link and iteratively optimizing the two local
tensors separately. Thereby, we maintain the beneficial
numerical complexity of Oðχ4Þ instead of a heavier scaling
of Oðχ6Þ for the complete two-site optimization. For the
single tensor optimization, we exploit the Arnoldi algorithm
implemented in the ARPACK library. In this algorithm, the
local eigenvalue problem is solved by iteratively diagonal-
izing the effective Hamiltonian Heff for the single tensor. It
delivers the lowest eigenpairs of Heff up to a predefined
precision ϵ by requiring only knowledge of the action of the
operatorHeff. In the global optimization, we sweep through
theTTN from the bottom to the top, performing the subspace
expansion from each tensor towards its “parent” tensor [the
one located directly above in the geometry of Fig. 13(d)].
After one complete sweep, we start over, iterating until
global convergence (in terms of energy and selected observ-
ables) is achieved. As we come closer to convergence with
each sweep, we also drive the optimization precision ϵ of the
Arnoldi algorithm, such that we become more and more
accurate in solving the local eigenvalue problems.
The computations with TTN presented in this work were

run on different HPC clusters (the BwUniCluster and
CINECA), where a single simulation of, e.g., an 8 × 8
system can last up to three weeks until final convergence,
depending on the system parameters. Here, we point out
that we can still improve the efficiency of the code and can
have the potential to heavily parallelize our TTN to
decrease the computational effort.

APPENDIX E: TENSOR NETWORK
SIMULATIONS FOR LATTICE

GAUGE THEORIES

In this section, we describe the TN approach for LGT in
greater technical detail. As mentioned in Sec. II C, we
already fulfill the Gauss law by choosing the local gauge-
invariant states (Sec. II B) as the logical basis in the TN
simulations. In particular, we use an unconstrained TTN to
represent the many-body wave function [51]. We adapt the
TTN structure for the 2D system as shown in Refs. [72,73].
Following the description in Ref. [74], we additionally
exploit the Abelian Uð1Þ symmetry, which corresponds to
the total charge Q̂ for the TTN representation. In this way,
we keep the total charge Q̂ fixed for each simulation by
choosing the proper global symmetry sector.
As discussed in Sec. II A, the chosen local basis does not

naturally respect the extra link symmetry arising from the
division of the Hilbert space for each link into two half-
links. Thus, in additional to the LGT Hamiltonian Ĥ
Eq. (1), we include a term to penalize the states violating
the link constraint during the simulation. In conclusion, we
simulate the Hamiltonian

Ĥsim ¼ Ĥ þ ν
X

x;μ

ð1 − δ2;L̂x;μ
Þ; ðE1Þ

with μ ∈ fμx; μyg, where the penalty term vanishes when
the link symmetry is respected and increases the energy for
a state breaking the symmetry. Let us mention that this
additional term translates to a nearest-neighbor interaction
term in the TN simulations.
In theory, the penalty factor ν should be chosen as large

as possible, as the link symmetry is strictly enforced for
ν → ∞. But choosing a too-large ν leads to the optimiza-
tion focusing on this penalty term only and fails to optimize
for the physical quantities. Depending on the physical
simulation parameter, t, m, ge, and gm, the penalty factor ν
has to be chosen in a balanced way, such that we are able to
optimize for the physical quantities as much as for the link
constraint. In fact, when choosing ν too low, we end up
with a result where the state does not strictly obey the link
symmetry. If ν is too large, artifacts can appear in the
proposed ground state, as the penalty term can introduce
local minima and thus freeze the state in the optimization.
These artifacts can either be a matter-antimatter pair for the
vacuum regime or, as shown on the left in Fig. 14, a matter-
antimatter hole for the charge-crystal regime. As the total
charge Q̂ is strictly conserved by the chosen symmetry
sector during the simulation, there are only two ways to get
rid of such an artifact. The optimizer has to either locally
violate the link symmetry or change the state at the
neighboring sites together with the artifact—both of which
would increase the energy in the simulation, given a large
value for ν.

(a) (b)

(c) (d)

FIG. 13. Tensor network representations for a quantum many-
body wave function: the matrix product states (MPS) (a) and the
tree tensor network (TTN) (c) on the left hand side are for 1D
systems, while the projected entangled pair states (PEPS) (b) and
the TTN (d) on the right hand side represent 2D systems.
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distribution of the coupling symmetry sectors within the
tensors as well. In order to ensure convergence during the
optimization, we dynamically increase the bond dimension
locally, allowing us to adapt the symmetry sectors within
the tree. In particular, we exploit the single tensor opti-
mization with subspace expansion presented in Ref. [74],
which approximates a two-site update by expanding the
connecting link and iteratively optimizing the two local
tensors separately. Thereby, we maintain the beneficial
numerical complexity of Oðχ4Þ instead of a heavier scaling
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single tensor optimization, we exploit the Arnoldi algorithm
implemented in the ARPACK library. In this algorithm, the
local eigenvalue problem is solved by iteratively diagonal-
izing the effective Hamiltonian Heff for the single tensor. It
delivers the lowest eigenpairs of Heff up to a predefined
precision ϵ by requiring only knowledge of the action of the
operatorHeff. In the global optimization, we sweep through
theTTN from the bottom to the top, performing the subspace
expansion from each tensor towards its “parent” tensor [the
one located directly above in the geometry of Fig. 13(d)].
After one complete sweep, we start over, iterating until
global convergence (in terms of energy and selected observ-
ables) is achieved. As we come closer to convergence with
each sweep, we also drive the optimization precision ϵ of the
Arnoldi algorithm, such that we become more and more
accurate in solving the local eigenvalue problems.
The computations with TTN presented in this work were

run on different HPC clusters (the BwUniCluster and
CINECA), where a single simulation of, e.g., an 8 × 8
system can last up to three weeks until final convergence,
depending on the system parameters. Here, we point out
that we can still improve the efficiency of the code and can
have the potential to heavily parallelize our TTN to
decrease the computational effort.

APPENDIX E: TENSOR NETWORK
SIMULATIONS FOR LATTICE

GAUGE THEORIES

In this section, we describe the TN approach for LGT in
greater technical detail. As mentioned in Sec. II C, we
already fulfill the Gauss law by choosing the local gauge-
invariant states (Sec. II B) as the logical basis in the TN
simulations. In particular, we use an unconstrained TTN to
represent the many-body wave function [51]. We adapt the
TTN structure for the 2D system as shown in Refs. [72,73].
Following the description in Ref. [74], we additionally
exploit the Abelian Uð1Þ symmetry, which corresponds to
the total charge Q̂ for the TTN representation. In this way,
we keep the total charge Q̂ fixed for each simulation by
choosing the proper global symmetry sector.
As discussed in Sec. II A, the chosen local basis does not

naturally respect the extra link symmetry arising from the
division of the Hilbert space for each link into two half-
links. Thus, in additional to the LGT Hamiltonian Ĥ
Eq. (1), we include a term to penalize the states violating
the link constraint during the simulation. In conclusion, we
simulate the Hamiltonian

Ĥsim ¼ Ĥ þ ν
X

x;μ

ð1 − δ2;L̂x;μ
Þ; ðE1Þ

with μ ∈ fμx; μyg, where the penalty term vanishes when
the link symmetry is respected and increases the energy for
a state breaking the symmetry. Let us mention that this
additional term translates to a nearest-neighbor interaction
term in the TN simulations.
In theory, the penalty factor ν should be chosen as large

as possible, as the link symmetry is strictly enforced for
ν → ∞. But choosing a too-large ν leads to the optimiza-
tion focusing on this penalty term only and fails to optimize
for the physical quantities. Depending on the physical
simulation parameter, t, m, ge, and gm, the penalty factor ν
has to be chosen in a balanced way, such that we are able to
optimize for the physical quantities as much as for the link
constraint. In fact, when choosing ν too low, we end up
with a result where the state does not strictly obey the link
symmetry. If ν is too large, artifacts can appear in the
proposed ground state, as the penalty term can introduce
local minima and thus freeze the state in the optimization.
These artifacts can either be a matter-antimatter pair for the
vacuum regime or, as shown on the left in Fig. 14, a matter-
antimatter hole for the charge-crystal regime. As the total
charge Q̂ is strictly conserved by the chosen symmetry
sector during the simulation, there are only two ways to get
rid of such an artifact. The optimizer has to either locally
violate the link symmetry or change the state at the
neighboring sites together with the artifact—both of which
would increase the energy in the simulation, given a large
value for ν.

(a) (b)

(c) (d)

FIG. 13. Tensor network representations for a quantum many-
body wave function: the matrix product states (MPS) (a) and the
tree tensor network (TTN) (c) on the left hand side are for 1D
systems, while the projected entangled pair states (PEPS) (b) and
the TTN (d) on the right hand side represent 2D systems.
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量子古典対応
・d次元空間の量子多体系 ⇔ (d+1)次元空間の古典統計系

・モンテカルロ法は後者に立脚
・後者に立脚したテンソルネットワーク形式も考えること
ができる Baxter, J. Math. Phys. 9 (1968) 650

Nishino-Okunishi, J. Phys. Soc. Jpn 65(1996)891
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1次元Ising模型の分配関数と転送行列
・典型的なスピン模型

𝐻 = −𝐽∑ BC 𝑆B𝑆C 𝑍 = ∑ /2 e
.TU

・転送行列による記述 ≃ テンソルネットワーク

𝑍 = Tr 𝑇V = 𝜆FV + 𝜆LV = 𝜆FV 1 +
𝜆L
𝜆F

V
𝑇/2 /23/ = eTW/2/23/

・転送行列の最大固有値が熱力学極限の分配関数を与える
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2次元Ising模型の分配関数とTN
・正方格子上の場合

exp 𝛽𝐽𝑆B𝑆C = ∑ℓ𝑈/2ℓ𝜆ℓ𝑈/4ℓ = ∑ℓ𝑊/2ℓ𝑊/4ℓ

𝑥%𝑥%&
𝑦%

𝑦%&

Z𝑥

Z𝑦

𝑖 𝑖 + Z𝑥𝑖 − Z𝑥

𝑖 + Z𝑦

𝑖 − Z𝑦
Z𝑥

Z𝑦

Real Space TN rep. for 𝑍

𝑇'

𝑇B '^'5^5 ≔ ∑/2𝑊/2'𝑊/2^𝑊/2'5𝑊/2^5

𝑥𝑥′

𝑦′

𝑦

𝑍 = tTr ∏B 𝑇B
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TN表現の近似的な縮約
・テンソル繰り込み群(Tensor RG; TRG)

Levin-Nave, Phys. Rev. Lett. 99 (2007) 120601

J. Phys.: Condens. Matter 36 (2024) 343002 Topical Review

Figure 5. Schematic illustration of the Levin–Nave TRG algorithm. Background dotted lines show a real-space square lattice. (A) Initial
tensor network on the lattice. (B) Two kinds of SVD as shown in equations (63) and (64). (C) New tensor network by contracting four
three-leg tensors.

indices (i and j) is even. Since the coefficient tensor is normal,
we can apply the SVD for Oij,

Oij =

min(2m,2n)∑

a=1

UiaσaV
†
aj =

∑

a,b

AiaδabBbj. (68)

In the second equality, we set A= U
√
σ and B=

√
σV†.

Recalling the identity in equation (32), we can express δab
by introducing new auxiliary Grassmann variables. Plugging
equation (68) into equation (67), we now have the SVD for the
Grassmann tensor O as

OΦΨ =

ˆ
Ξ̄,Ξ

AΦΞBΞ̄Ψ, (69)

where Ξ and Ξ̄ are the min(m,n)-component auxiliary
Grassmann variables introduced via equation (32). The
Grassmann tensors A and B in the right-hand side have A and
B in equation (68) as their coefficient tensors. Since we have
assumed thatO is Grassmann-even, the resultingA and B are
also Grassmann-even, as we will see in section 2.7. It is no
exaggeration to say that the SVD for a Grassmann tensor is
the SVD for its coefficient tensor. There is no difficulty in

introducing the low-rank approximation based on the SVD.
In the following, we use the approximation

OΦΨ ≃
ˆ DLNTRG

Ξ̄,Ξ
AΦΞBΞ̄Ψ, (70)

whichmeans that the SVD of the coefficient tensor is truncated
up to the bond dimension DLNTRG as

Oij ≃
DLNTRG∑

a,b=1

AiaδabBbj. (71)

We will make some practical remarks on the SVD of the
Grassmann tensor in section 2.7

We now extend the algorithm for evaluating

Z= gTr

[
∏

n∈Λ

Tn

]
, (72)

with the Grassmann tensor Tn;XTX̄T̄. We can formally
write the SVD for the Grassmann tensor corresponding to
equations (63) and (64) as

13

・特異値分解の打ち切りによる低ランク近似を導入

・TN表現上の実空間繰り込み群
・𝑛回の繰り込み群変換で
23個のテンソルからなる
縮約を近似的に実行可能
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TRGの計算精度
・有限ボンド次元で高い近似精度が得られる
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Levin-Nave TRG
ATRG
HOTRG
BTRG

内部エネルギー 自由エネルギーの相対誤差

𝐷 = 24

・ボンド次元を増やすだけで近似精度を系統的に改善できる

・従来の実空間繰り込み群とは大きく異なる利点
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格子場の理論への応用
・二つのアプローチがある
・TN状態を変分法によって最適化していく

・ハミルトニアン形式の格子場の理論に基づく

・3次元格子上の量子多体系として取り扱う

・経路積分をTNで表現し，その縮約を近似的に実行する

・従来使われてきた経路積分形式に基づく

・4次元格子上の古典統計系として取り扱う
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ロードマップ
・最終的には，符号問題を伴う(3+1)次元系を計算したい

・低次元，比較的小さな内部自由度
を持つ系から着手

calculations that would ultimately replace the use of event
generators such as PYTHIA (Sjostrand et al., 2015).
The simplest starting point for the real-time evolution is the

evolution operator expð−iĤt=ℏÞ acting on the Hilbert space
of the quantum Hamiltonian Ĥ. We provide a first look at
the transfer matrix that smoothly connects the “classical”
Lagrangian approach to the Hilbert space used in the
Hamiltonian formalism. We discuss various types of dualities
(geometrical and topological) that are often used together and
mistaken for one another.
For the models in the Kogut sequence, the bosonic field

variables and the symmetry groups are compact. General
mathematical theorems, namely, the Pontryagin duality
(Pontryagin, 1939) and the Peter-Weyl theorem (Peter and
Weyl, 1927), guarantee that functions over compact groups
can be expanded in terms of discrete sums of representations.
This is called the “character expansion” and was exploited to
calculate strong coupling expansions (Balian, Drouffe, and
Itzykson, 1975) or introduce new variables on geometrically
dual lattice elements (Savit, 1980).
The discreteness of the character expansion provides a

natural starting point for building approximate reformulations
of lattice models suitable for quantum computing or quantum
simulation experiments. The Ising model is an elementary
example where the Hilbert space of the transfer matrix can be
implemented with a set of qubits, the basic components of
actual quantum computers that exist in a linear superposition
of two states j0i and j1i, rather than being just on or off like
the bits of a classical computer. For models with continuous
fields, character expansions allow us to perform the “hard
integrals” analytically without needing to approximate the
numerical discretizations that break the continuous sym-
metries. Demonstrating the power of the character expansion
is one of the main goals of this review. Examples of quantum
computations and simulations are provided at the end of
Sec. III. In Sec. IV, we clarify the use of the terms “classical”
and “quantum” in various contexts and make connections with
other approaches (Schollwöck, 2011b; Haegeman and
Verstraete, 2017; Ran et al., 2020; Cirac et al., 2021).
Section V introduces the tensor reformulation for the Ising

model. SVD, truncation, and the TRGmethod are discussed in
Sec. VI. Spin models with an Oð2Þ symmetry or with discrete
subgroups are discussed in Sec. VII. In Sec. VIII, we derive
expressions for local tensors in the simple case of a non-
Abelian spin model with Oð3Þ symmetry. We also find tensor
expressions for effective theories of gauge theories known as
principal chiral models.
Models with local gauge symmetry are introduced in

Sec. IX. We first consider Abelian gauge theories and work
up in complexity to tensor expressions for non-Abelian gauge
theories as well.
In Sec. X, tensor network expressions for the real and the

complex ϕ4 theory are derived. For models with noncompact
fields such as the scalar ϕ4 theory, the Gaussian quadrature
rule can be used to extract discrete degrees of freedom, just as
the gauge degrees of freedom are discretized via character
expansions. The accuracy of the tensor network approach is
shown for the real-field case, and an ability to deal with a
severe sign problem is shown in the complex-field case.

In Sec. XI, we present tensor formulations for models with
fermionic degrees of freedom. In general, fermions fit in well
with the tensor (and discrete) approach thanks to the nilpo-
tency of the Grassmann variables. In the section, various
models that contain fermions such as pure fermions, gauged
fermions, and fermions combined with scalars are discussed.
In Sec. XII, we rediscuss the transfer matrix using the tensor

formalism and broaden the perspective. Recent TLFT deve-
lopments regarding symmetries, topological solutions, and
quantum gravity are discussed in Sec. XIII.

II. LATTICE FIELD THEORY

A. The Kogut sequence: From Ising to QCD

In the early 1970s, QCD appeared to be a strong candidate
for a theory of strong interactions involving quarks and
gluons. However, the perturbative methods that provided
satisfactory ways to handle the electroweak interactions of
leptons failed to explain confinement, mass gaps, and chiral
symmetry breaking. A nonperturbative definition of QCD was
needed. In 1974, Wilson proposed (Wilson, 1974) a lattice
formulation of QCD where the SUð3Þ local symmetry is exact.
As this four-dimensional model is fairly difficult to handle
numerically, a certain number of research groups started
considering simpler lattice models in lower dimensions and
then increased symmetry and dimensionality. This led to a
sequence of models, sometimes called the “Kogut ladder,” that
appears in the reviews of Kogut (1979, 1983) and was later
addressed with small modifications by Polyakov (1987) and
Itzykson and Drouffe (1991).
The sequence is approximately the following:
(1) D ¼ 2 Ising model
(2) D ¼ 3 Ising model and its gauge dual
(3) D ¼ 2 Oð2Þ spin and Abelian Higgs models
(4) D ¼ 2 fermions and the Schwinger model
(5) D ¼ 3 and 4Uð1Þ gauge theory
(6) D ¼ 3 and 4 non-Abelian gauge theories
(7) D ¼ 4 lattice fermions
(8) D ¼ 4 QCD

This sequence should not be understood in a rigidway as if each
step is necessary for the next step. For instance, steps (3)–(5) can
be interchanged, and the problems involving fermions have
specific features that are not easily compared to those involving
only bosonic fields. The message that we want to convey is that
there is an approximate roadmap that has proven to be effective
for the classical approach of lattice field theory in dealing with
static problems using importance-sampling (Monte Carlo)
methods. We advocate following a similar path to develop
the quantum versions of these models and deal with real-time
evolution and other problems not accessible with classical
methods. The difference between quantum and classical is
explained more precisely in Sec. IV.A. A similar path is
followed to develop numerical coarse graining.

B. Classical lattice models and path integral

In this section we introduce lattice versions of classical field
theory models. At this point, we point out that, while we
provide definitions of the fields, notations, and acronyms or

Meurice, Sakai, and Unmuth-Yockey: Tensor lattice field theory for renormalization …

Rev. Mod. Phys., Vol. 94, No. 2, April–June 2022 025005-4

Meurice-Sakai-Unmuth−Yockey, Rev. Mod. Phys. 94 (2022 )025005

・モンテカルロ法とは全く異なる
計算原理に基づくことを活用する

・フェルミオン系の扱いは簡単

・解決すべき問題を洗い出す

・連続自由度は?
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!1
!2

Virtual direction

(A) (B)

(C)

𝜒 𝜒

行列積分解とフレーバー自由度
・𝑁eフレーバーのフェルミオン系
・各サイト上のテンソルのサイズ ∼ eA6

・行列積分解を使えば 𝑂 𝑁e
・𝑁e = 3のGross-Neveu模型は𝜒 = 4の3層TNで厳密に
書ける

SA, PRD108(2023)034514
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(3+1)次元系への応用状況

Variational approach TRG approach

・QED at finite density⋆
Magnifico+ (2021)

・Ising model SA+ (2019)

・Staggered fermion w/ strongly coupled U(N) Milde+ (2022)

・Complex 𝜙( theory at finite density⋆ SA+ (2020)

・Nambu—Jona-Lasinio model at finite density⋆ SA+ (2021)

・Real 𝜙( theory SA+ (2021)

・ℤ$ & ℤ) gauge-Higgs at finite density⋆ SA-Kuramashi (2022, 2023)

⋆
：符号問題あり

・現状では, 実空間繰り込み群手法の応用が盛ん
・個別のアルゴリズムに特化した並列計算手法の開発

Yamashita-Sakurai, CPC278(2022)108423
SA+, PoS(LATTICE2019)138

・機械学習で培われた手法の応用も進んでいる
Liao+, Phys. Rev. X9(2019)031041

Jha-Samlodia, CPC(2023)108941
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ℤ𝒏 gauge-Higgs model in the unitary gauge
⚫Action of the (𝑑 + 1)-dimensional ℤ9 gauge-Higgs model

𝑆 = −𝛽∑%∑*+,𝑈* 𝑛 𝑈, 𝑛 + 𝜈̂ 𝑈* 𝑛 + Z𝜌 𝑈, 𝑛

⚫ Choosing the unitary gauge, all the matter fields are eliminated 

−𝜂∑%∑* e!-!,#$%𝜎 𝑛 𝑈* 𝑛 𝜎 𝑛 + 𝜈̂ + e.!-!,#$%𝜎 𝑛 𝑈* 𝑛 − 𝜈̂ 𝜎(𝑛 − 𝜈̂)

𝑈: 𝑛 (∈ ℤ𝒏): link variable (gauge field) 
𝜎 𝑛 ∈ ℤ𝒏 : matter field 

𝜎 𝑛 𝑈* 𝑛 𝜎 𝑛 + 𝜈̂ ↦ 𝑈*(𝑛)

𝑆 = −𝛽∑%∑*+,𝑈* 𝑛 𝑈, 𝑛 + 𝜈̂ 𝑈* 𝑛 + Z𝜌 𝑈, 𝑛 − 2𝜂 ∑%∑* cosh 𝜇𝛿*,01# 𝑈*(𝑛)

𝑛 𝑛 + 𝜈̂

𝑛 + ;𝜌 𝑛 + 𝜈̂ + ;𝜌

𝑈'(𝑛)

𝑈'(𝑛 + ;𝜌)

𝑈((𝑛 + 𝜈̂)𝑈((𝑛) 𝛽: inverse gauge coupling
𝜂: spin-spin coupling
𝜇: chemical potential
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𝜂

𝛽

Higgs 

Free Charge

Confinement

0 ∞

Critical 
endpoint 

Triple point 

𝐿 =
1

𝑑 + 1 𝑉
𝜕

𝜕(2𝜂) ln 𝑍

We evaluate the average link 𝑳 , whose 
gap vanishes at the critical endpoint.

1st order

2nd order

1st order

Schematic phase diagram
Fradkin-Shenker, PRD19(1979)3682-3696
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Liu+, PRD88(2013)056005

⚫ We employ the HOSVD for the plaquette weight

e23! % 3& %14* 3! %14, 3&(%) = ∑7,8,9,0 𝑉3! % 7𝑉3& %14* 8𝑉3! %14, 9𝑉3& % 0𝐵7890

Unit cell in 3D Unit cell in 4D

⚫ The resulting tensor network is evaluated by the Anisotropic TRG
Adachi-Okubo-Todo, PRB102(2020)054432

⚫ We follow the so-called asymmetric formulation, which allows us to have a 
uniform tensor network

Tensor network representation 
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β = 0.705, µ = 0.0

with 𝐷 ≤ 48, 𝜂# − 𝜂$ = 𝑂(10$%)

First-order points seem 
robust against 𝑫

Bond dimension

Δ 𝐿 = 𝐴 𝛽 − 𝛽) *Δ 𝐿 = 𝐵 𝜂) − 𝜂 +
MC 

Somoza+, 
PRX11(2021)041008

𝛽9 ≈ 0.701

TRG 
this work

𝛽9 = 0.70051(7)

Study of the 3D model at 𝜇 = 0 SA-Kuramashi, JHEP05(2022)102
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Comparison with the self-dual line SA-Kuramashi, JHEP05(2022)102
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observe that the results from the dual simulation and the
conventional approach match very well. However, since at
! ¼ 0:1 and vanishing chemical potential " the influence
of the Higgs field seems to be small, we consider a second,
larger value of !.

The results for hUi and #U at ! ¼ 0:5 and " ¼ 0:0 are
shown in Fig. 5. We now observe quite a change in the
behavior of the observables in comparison to the pure
gauge and ! ¼ 0:1 cases. The phase transition has appar-
ently disappeared and we only find a smooth crossover type
of behavior between the strong and weak coupling phases.
The maximum of the susceptibility #U has shifted to rather
small values—the crossover takes place near $ ¼ 0:28.
The important fact is that, also here at a larger value of
!, where obviously the Higgs field has a much stronger
influence, the results from the conventional approach and
the dual simulation agree very well, again confirming the
correctness of the implementation of the dual approach.

V. THE Z3 GAUGE-HIGGS MODEL
AT FINITE DENSITY

Let us now come to the more interesting case of finite
density. Here conventional simulations fail and the full
potential of the dual approach can be unveiled. Before
we start with the presentation of Monte Carlo results we
first discuss some characteristic features of the dual repre-
sentation at finite density.

A. Finite density dynamics in the dual representation

The dual representation of the Z3 gauge-Higgs model
uses two sets of degrees of freedom: the plaquette occupa-
tion numbers p and the fluxes k. For the analysis of the
mechanisms that drive the systems at finite density it is
useful to think a little bit about the dynamics of the dual
variables, and this subsection is devoted to that task.

The dual degrees of freedom assume values in
f"1;0;þ1g, i.e., px;%&2f"1;0;þ1g and kx;'2f"1;0;þ1g.

A trivial value of the plaquette occupation number, i.e.,
px;%& ¼ 0, comes with a Boltzmann factor of 1 [compare
(16)], while nontrivial values px;%& $ 1 give rise to a factor
of B$ < 1 [see (11) for the definition of B$]. Thus non-
trivial values of plaquette occupation numbers p are sup-
pressed by their Boltzmann factor. On the other hand
configurations with many px;%& ! 0 have a much higher
entropy and (as always) the interplay of entropy and
Boltzmann factor gives rise to the first order transition of
the pure gauge theory discussed in Sec. IVA. The corre-
sponding observables hUi and #U are simple functions of
the plaquette occupation numbers and their fluctuations.
We stress at this point that both observables have a
$-dependent additive term [compare (18)]. For the pla-
quette expectation value the additive term is given by B$,
and hUi is nonvanishing for $> 0 even when all plaquette
occupation numbers p are trivial, since B$ > 0 for $> 0.
Similar to the plaquette occupation numbers, the spatial

flux variables kx;j, j ¼ 1, 2, 3, have a Boltzmann factor of 1
for kx;j ¼ 0 and a Boltzmann factor B! < 1 for kx;j ¼ $1
[see (16)]. As for the case of the plaquette occupation
numbers, we find for the k variables that trivial values of
the spatial fluxes are preferred by the Boltzmann factor.
The temporal flux variables kx;4 are connected with the
Boltzmann factors Ms with s 2 f"1; 0; 1g defined in (6).
For "> 0 we have Mþ1 >M"1 (see also the discussion
below) and temporal flux with kx;4 ¼ þ1 is favored over
negative temporal flux, i.e., kx;4 ¼ "1.
To illustrate the physical picture in terms of the dual

representation, in Fig. 6 we show a few low-lying excita-
tions of the Z3 gauge-Higgs model in the dual representa-
tion. Thick red lines oriented with arrows are used for the k
flux and filled blue squares for nonvanishing plaquette
occupation numbers, and the circles in the squares indicate
the orientation of the plaquette according to the sign of
the corresponding plaquette occupation number px;%&. The
simplest excitations (the lhs diagram in Fig. 6) are an
occupied plaquette surrounded by flux. At each link the
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<U>

conventional
dual representation
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χUη = 0.5

FIG. 5 (color online). Same as in Fig. 4, but nowe ! ¼ 0:5.

GAUGE AND MATTER FIELDS AS SURFACES AND LOOPS . . . PHYSICAL REVIEW D 86, 094506 (2012)

094506-7

𝜂 = 0.5, 𝜇 = 0

Monte Carlo TRG w/ 𝐷 = 45
Gattringer-Schmidt, PRD86(2012)094506

⚫ Comparison btw MC and TRG via 𝑈 and its susceptibility
⚫ Good agreement at finite-𝜂 regime 

⚫ The susceptibility of 𝑈 is obtained by numerical diPerence in case of TRG 

𝑈 𝑈𝜒3 𝜒3

(3+1)D ℤ𝟑 model 1/2 SA-Kuramashi, JHEP10(2023)077
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𝜂# − 𝜂$ = 𝑂(10$%)

(3+1)D ℤ𝟑 model 2/2
⚫ Location of the transition point seems converging w. r. t. 𝐷
⚫ Relative error btw 𝑫 = 𝟒𝟒 and 𝑫 = 𝟓𝟎 is 0.019% 

SA-Kuramashi, JHEP10(2023)077

⚫ The behavior of Δ 𝐿 is confirmed to be explained by the mean field theory 
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Phase diagram of ℤ# gauge-Higgs model (𝑛 = 2,3)

Pure ℤ"※)

𝑛 = 2

𝒏 = 𝟑

(0.4086 6 4 , 0.3280(6)(3))@ 𝜇 = 0
(0.4139 2 13 , 0.2813(2)(10))@ 𝜇 = 1
(0.40873 7 5 , 0.20994(9)(4))@ 𝜇 = 2

⚫ 𝑛-dependence in the resulting CEP is consistent w/ previous studies

Black  : 𝜇 = 0
Blue   : 𝜇 = 1
Green: 𝜇 = 2

※) Balian+, PRD10(1974)3376

Cf. U(1) gauge-Higgs studies, Baig-Clua, PRD57(1998)3902, Franzki+, PRD57(1998)6625

Pure ℤ#※)

SA-Kuramashi, JHEP10(2023)077

37/39



まとめ
・格子場の理論の研究において，テンソルネットワークは
新しい手法として注目されている

・符号問題のある系に対する強力な手法

・(3+1)次元の格子場の理論への応用が進められている

・素粒子物理，統計物理，物性物理，計算科学の協奏

・量子計算と親和的，相補的なところも面白い
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クイズ
・ある3×2行列を特異値分解したところ，次の2つの特異値
を得た．この行列のFrobeniusノルムは？

𝜎F = 5

𝜎L = 2
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