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Confinement of quarks*

Kenneth G. Wilson
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14850
(Received 12 June 1974)

A mechanism for total confinement of quarks, similar to that of Schwinger, is defined which requires
the existence of Abelian or non-Abelian gauge fields. It is shown how to quantize a gauge field theory
on a discrete lattice in Euclidean space-time, preserving exact gauge invariance and treating the gauge
fields as angular variables (which makes a gauge-fixing term unnecessary). The lattice gauge theory has
a computable strong-coupling limit; in this limit the binding mechanism applies and there are no free
quarks. There is unfortunately no Lorentz (or Euclidean) invariance in the strong-coupling limit. The
strong-coupling expansion involves sums over all quark paths and sums over all surfaces (on the lattice)
joining quark paths. This structure is reminiscent of relativistic string models of hadrons.

Wilson, PRD10(1974)2445
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E1T5#E D ;AHEE (Density Matrix RG; DMRG)

White, Phys. Rev. Lett. 69 (1992) 2863

g&}

s TRFEXXIERTOTEVYANL—Y 7Y

Exact GS energy -62.94548456051769

DMRG (x = 32) -62.94547426
DMRG (y = 128)  -62.94548456

These values are obtained by the example code of DMRG from Tensors.net by Glen Evenbly
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® From MPS to Tensor Network State (TNS) %
@ (infinite) Projected Entangled Pair States (PEPS) %
Verstraete-Cirac, arXivicond-mat/0407066 ¢ ),

Cf. “Tensor Product State” by Nishino+, Prog. Theor. Phys. 105 (2001) 409-17
Corboz-Orts-Bauer-Vidal, PRB81(2010)165104 Felser+, PRX10(2020)041040

® The natural generalization of MPS
@ Satisfies the area law of entanglement entropy

® Tree Tensor Network (TTN)

Shi-Duan-Vidal, PRA74(2006)022320
Tagliacozzo-Evenbly-Vidal, PRB80(2009)235127
Silvi-Giovannetti-Montangero-Rizzi-Cirac-Fazio, PRA81(2010)062335

@® Hierarchical tensor network w/o loops

@ A B (d)A A A B B
. . . . 1= = {
@ Similarity with the real-space RG C; :‘;) (
®) |l
A A A B d ) B } |
® Isometric TNS (ISOTNS) Zaletel-Pollmann, PRL124(2020)037201 *>—o>0<o )
(c) A {
® Generalization of the isometric condition - C@ ->s->9

Of MPS to h|gher dimensions Zaletel+, PRL124(2020)037201
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Levin-Nave, Phys. Rev. Lett. 99 (2007) 120601
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- A ’ = d n ‘ A. The Kogut sequence: From Ising to QCD
% ﬁ D ¥ b\ l.\ E — In the early 1970s, QCD appeared to be a strong candidate
®, 1N - for a theory of strong interactions involving quarks and

gluons. However, the perturbative methods that provided
satisfactory ways to handle the electroweak interactions of
— ~ leptons failed to explain confinement, mass gaps, and chiral
° % y T jJ ) b D ;f t ‘1% < E 78: % symmetry breaking. A nonperturbative definition of QCD was
-z~ needed. In 1974, Wilson proposed (Wilson, 1974) a lattice
- formulation of QCD where the SU(3) local symmetry is exact.
E‘I'%}?EEE L E < t % E’ -g- % As this four-dimensional model is fairly difficult to handle
H N S [ / - numerically, a certain number of research groups started
considering simpler lattice models in lower dimensions and
then increased symmetry and dimensionality. This led to a
sequence of models, sometimes called the “Kogut ladder,” that
7 I ) b j’ $ @ *& \' \ Li% E‘ appears in the reviews of Kogut (1979, 1983) and was later
addressed with small modifications by Polyakov (1987) and
tzyvkson and Drouffe (1991)
The sequence is approximately the following:
(1) D =2 Ising model
(2) D = 3 Ising model and its gauge dual
ﬁglﬂ -g-/\ % Fnﬁ lﬁlﬁ \' \ & -g- 3) D=2 0(2% spin and Abeli%in Ig{iggs models
(4) D =2 fermions and the Schwinger model

(5) D =3 and 4U(1) gauge theory
(6) D =3 and 4 non-Abelian gauge theories

° E’ ‘jllj a EH‘% ‘i? g; g zi lSt(tji]C)e fermions

Meurice-Sakai-Unmuth-Yockey, Rev. Mod. Phys. 94 (2022 )025005
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SA+, PoS(LATTICE2019)138
Yamashita-Sakurai, CPC278(2022)108423

- BHFE TEDNIEFEDILABEATWNS

Liao+, Phys. Rev. X9(2019)031041
Jha-Samlodia, CPC(2023)108941

- QED at finite density*

Magnifico+ (2021)

y Ising model sa+ 2019

- Staggered fermion w/ strongly coupled U(N) mitde+ (2022)

- Complex ¢* theory at finite density* SA+ (2020)

- Nambu—Jona-Lasinio model at finite density” sa« 021)
* Real ¢4 theory sa+(2021)

* Z, & Z3 gauge-Higgs at finite density* SA-Kuramashi (2022, 2023)

C . HERMELY
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7., gauge-Higgs model in the unitary gauge

@® Action of the (d + 1)-dimensional Z,, gauge-Higgs model

S=—-B2n Zv>p Uv(n)Up (n+9MU,(n+ ﬁ)Up (n)

—N X Zv[e“‘s%d+1 oc(M)U,(n)o(n + V) + e #ova+ig(n)U,(n — V)o(n — 17)]

ntp] BOFD ntv+p U, (n)(€ Zyy): link variable (gauge field)
o(n)(€ Z,) : matter field

Upm) 2 G f: inverse gauge coupling
n: spin-spin coupling
n? > T+ p: chemical potential

Uy(n)

® Choosing the unitary gauge, all the matter fields are eliminated

o(m)U,(n)a(n +79) = U,(n)

S = =B ¥nZvsp UyMU,(n + DU, (n + p)U,(n) — 2n ¥ By cosh(udy,a11) Uy (1)
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Schematic phase diagram

Fradkin-Shenker, PRD19(1979)3682-3696

Critical We evaluate the average link (L), whose
gap vanishes at the critical endpoint.

L) = 1 I InZ
[R L =@rovaen™

endpoint

n 15t order
Higgs
: L
Confinement Triple point 2nd order
st
1 order Free Charge
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Tensor network representation

® We employ the HOSVD for the plaquette weight

ePUvWUp(NU(4D)Up (M) =y Vu,m)aVu,m+9pVu,m+p)cVu,myaBabea

® We follow the so-called asymmetric formulation, which allows us to have a
uniform tensor network Liu+, PRD88(2013)056005

® The resulting tensor network is evaluated by the Anisotropic TRG

Adachi-Okubo-Todo, PRB102(2020)054432

Unit cellin 3D Unitcellin 4D




Study of the 3D modelat u = 0

with D < 48, n, —n_ = 0(107%)
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SA-Kuramashi, JHEP05(2022)102
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Comparison with the self-dual line
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SA-Kuramashi, JHEP05(2022)102

with D = 48

0.1265 T T T | T | T | T | T |
0.1260 - O First-order transition point (TRG)| _|
i TE O Critical endpoint (Fit) )
0.1255 |- @\\ ---- Self-dual line |
. _ 6. _
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- e\‘\\ -
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" I == Zln tanhf i
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L ‘e\ i
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(3+1 )D ZS mOdel 1 /2 SA-Kuramashi, JHEP10(2023)077

® Comparison btw MC and TRG via (U) and its susceptibility

® Good agreement at finite-n regime

® The susceptibility of (U) is obtained by numerical difference in case of TRG

Monte Carlo TRGw/D = 45

Gattringer-Schmidt, PRD86(2012)094506
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(3+ 1 ) D ZS mOdel 2/2 SA-Kuramashi, JHEP10(2023)077

® Location of the transition point seems converging w. r. t. D
® Relative errorbtw D = 44 and D = 50 is 0.019%
® A(L) becomes smaller when 8 becomes smaller as expected

® The behavior of A(L) is confirmed to be explained by the mean field theory

D-dependence in the first-order transition point Average link@D = 50
0.3407 T ‘ T T T T ] 1.0 : ‘
I [O B=0412.1=00] oop=0412
= i = ] 09 |=ap=0414 -
'3 0335~ - L |o©B=0415 fe)(/x
= i 1 A ogl |AAB=0416 TTW |
2 I S i v iR B=0417
Z I o ] e B=0418
g 0330 . 1 S0k [>ep=0419 B
= - © 1 gn +—+ B =0.420
"8 L § x—x B =0.425
g i < 0.6 S .
Z 0325 © s
B *r = 0(1075) |
Ny —n-=0(107>)
) Y S ER S 04530 0315 030 0335
730 35 40 45 50 ‘ ‘ ' '




37/39
Phase diagram of Z,, gauge-Higgs model (n = 2,3)

SA-Kuramashi, JHEP10(2023)077

® n-dependence in the resulting CEP is consistent w/ previous studies

Cf. U(1) gauge-Higgs studies, Baig-Clua, PRD57(1998)3902, Franzki+, PRD57(1998)6625
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B ) Balian+, PRD10(1974)3376
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