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Section 1 
DMRGを用いたゲージ理論の質量スペクトル計算

collaboration with 
伊藤 悦子 (YITP Kyoto U, RIKEN iTHEMS) and 谷崎 佑弥 (YITP Kyoto U) 
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ハミルトニアン形式でのQFTの数値計算
Lagrangian formalism 

• Monte Carlo シミュレーション 
(格子QCD) 

👍 ゲージ不変性 
👍 確立されたアルゴリズム 

• テンソルネットワーク (TRG, HOTRG, …)

Hamiltonian formalism 

• テンソルネットワーク (MPS, PEPS, …) 

• 量子計算 

👍 符号問題がない 
👍 励起状態を用いた解析 

相補的なアプローチになり得る

3

ハミルトニアン形式において 
ゲージ理論(QCD)の物理量を効率的に計算するには？



複合粒子(ハドロン)の質量スペクトル
• QCDにおける複合粒子(ハドロン)の質量 

u/d クォーク :  2~5 MeV 
陽子 (uud) :  938 MeV >> 2mu + md 

• lattice Monte Carlo simulation 
による非摂動計算 
(ラグランジアン形式) 

• ハドロン質量は 
虚時間相関関数から計算 
̶> 実験値を再現
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FIG. 23 (color online). Same as Fig. 21 for the decuplet baryons.

0.0

0.5

1.0

1.5

2.0

ρ
K

*
φ

N

Λ Σ
Ξ

∆
Σ∗

Ξ∗
Ω

vector meson octet baryon decuplet baryon

mass [GeV]

FIG. 24 (color online). Light hadron spectrum extrapolated to
the physical point using m!, mK and m! as input. Horizontal
bars denote the experimental values.
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FIG. 25. Effective potential Veffðr; tÞ with r ¼ 4, 8, 12 at
"ud ¼ 0:13770 as a representative case.
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PTEP 2021, 013B05 K. Iida et al.
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Fig. 1. Correlation functions for the pseudoscalar (PS) and vector (V) mesons at (β, κ) = (0.80, 0.1590).
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Fig. 2. mPS/mV for various combinations of the hopping parameter κ and β.

4.1. Line of constant physics
To determine the line of constant physics, we take a reference value mPS/mV = 0.8232 which
corresponds to the result at β = 0.80, κ = 0.1590. The meson masses are extracted from the meson
correlation functions. We calculate the meson correlation function for various values of κ for each
β, using the Coulomb gauge-fixing and the wall sources.

Figure 1 shows the correlation functions in the PS and vector meson channels at (β, κ) =
(0.80, 0.1590). When extracting effective masses, instead of a simple ratio C(τ/a + 1)/C(τ/a)

in Eq. (10), we utilized an alternative one that not only has the forward slope but also the back-
ward slope of the correlator taken into account to achieve better accuracy: [C(τ/a + 1) + C(τ̃/a −
1)]/[C(τ/a)+C(τ̃/a)], where the forward imaginary time in lattice units τ/a and the backward one
τ̃/a are symmetric about Nτ/2. The fitting is performed by using only larger time slices to omit the
contributions of excited modes.

For details of the resulting masses, we refer the reader to Tables A.1 and A.2 in the Appendix. In
Fig. 2, we show the mPS-to-mV ratio as a function of the inverse hopping parameter 1/κ for each β.
We determine the value of κ consistent with mPS/mV = 0.8232 for each β by linearly interpolating
three data points near mPS/mV = 0.8232. The results for (β, κ) are shown in Table 1. Here, the
statistical errors of the κ values on the line of mPS/mV = 0.8232 are to be less than 2% accuracy.
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Schwinger模型への適用
Schwinger模型 (QED1+1d) 

• 簡単ながら非自明なゲージ理論であり、QCDと似た性質を持つ 

 

Nf=1 

• 先行研究: chiral condensate,  potential, mass spectrum, … 

Nf=2 

• QCDのanalogyとしての“ハドロン” ̶> good testing ground 

• Nf=1と比べて解析計算が限定的 (bosonizationをしても強結合)

ℒ = −
1

4g2
FμνFμν +

θ
4π

ϵμνFμν +
Nf

∑
f=1

[iψ̄f γμ (∂μ + iAμ) ψf − mψ̄f ψf]

qq̄
[Chakraborty et al. (2022)] 
[Honda et al. (2022)] 
[Banuls et al. (2013)] …

[Funcke et al. (2023)] 
[Dempsey et al. (2023)] …
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 では符号問題が生じるθ ≠ 0

[Coleman (1976)]



2-flavor Schwinger模型の複合粒子
“メソン” (ハドロンの一種) 

量子数 

• isospin  :  flavor doubletに作用するSU(2)対称性 

• parity  

• G-parity   ( の一般化)

J

P

G = CeiπJy C u/d クォークを含むQCDのtoy model
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calculation, we approximate the integral of Ssubtr
N (!!,m) by

the trapezoidal rule for the discrete set of !! points, but this
does not seem to be the reason for the large fluctuation in the
"/(2#)!0.5 region. The main nonperturbative contribution
comes from DetN and Ssubtr

N (!!,m) gives only perturbative
effects of order !!"2.
We suspect that this large fluctuation is an example of the

well-known phase problem. Simply increasing the statistics
might not improve the situation.
Of course in application to QCD, it will be important to

evaluate Ssubtr
N (!!,m) and other observables more precisely.

B. ! meson correlator and U„1… problem
As the final subject, we would like to present the result of

our exploratory measurement of the $ meson mass in order
to study the topological structure. The $ propagator consists
of two parts:

%$$&#"2 ! tr" '3
1
D '3

1
D # $ $4 ! tr" '3

1
D # tr" '3

1
D # $ ,

(36)

where the first term is the same as the flavor nonsinglet #
propagator and the second term gives the ‘‘hair-pin’’ or dis-
connected contribution to the flavor singlet operator. Because
the number of physical space-time points is only 16%16, we
compute the ‘‘hair-pin’’ contribution by brute force, namely
by solving the fermion propagator for all points without re-
lying on the noise method *40+ or Kuramashi method *41+.
Figure 15 shows the contribution of the second term in

each sector, whereas Fig. 16 shows the full (symmetrized) $
propagator at m#0.2 and "#0. We also present effective
mass plot in Fig. 17. We find that the fall of $ propagator is
steeper than that of # which gives qualitatively consistent
results with the U(1) problem, although it suffers from both
the theoretical errors as well as the large statistical errors
making quantitative studies difficult. One of the major
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FIG. 14. " dependence of the pion mass at m#0.2. The open
symbols are the lattice data. The dashed line is the analytical result
of the " dependence in the continuum theory, where the normaliza-
tion is fitted by the lattice results. For "/(2#)&0.5, the pion mass
is proportional to cos("/2)2/3, which is in complete agreement with
the continuum results.
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FIG. 15. The propagator of $ in each sector at m#0.2.
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FIG. 16. The full propagator $ at m#0.2 and "#0 (closed
squares). The pion propagator is also plotted for comparison (open
circles). The propagators are normalized by the value at x#1.
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FIG. 17. The effective mass plot of the full $ propagator for
m#0.2, "#0. The dashed line shows the fit result.

LATTICE STUDY OF THE MASSIVE SCHWINGER . . . PHYSICAL REVIEW D 68, 074503 (2003)

074503-9

[Fukaya & Onogi (2003)]

Monte Carlo法による先行研究

θ = 0

 :   

 :   

            :  

π = − i (ψ̄1γ5ψ1 − ψ̄2γ5ψ2) JPG = 1−+

η = − i (ψ̄1γ5ψ1 + ψ̄2γ5ψ2) JPG = 0−−

σ = ψ̄1ψ1 + ψ̄2ψ2 JPG = 0++



Short summary
• 複合粒子の質量スペクトルの計算方法 

(1) correlation-function scheme ̶ 格子QCDでも用いられる一般的手法 

(2) one-point-function scheme ̶ boundary effectを有効活用 

(3) dispersion-relation scheme ̶ 励起状態を直接取得する 

• テンソルネットワーク(DMRG)を用いて、2-flavor Schwinger模型で検証 

• 3つの方法による結果は互いに無矛盾



Calculation strategy
• 格子上のハミルトニアン (staggered fermion + open boundary) 

   

• Gauss lawを解きゲージ場  を消去 

• ゲージ固定  

• Jordan-Wigner変換 for Nf=2 

  ,     

̶> 有限次元のヒルベルト空間を持つスピン系のハミルトニアン

H =
g2a
2

N−2

∑
n=0

(Ln +
θ

2π )
2

+
Nf

∑
f=1 [ −i

2a

N−2

∑
n=0

(χ†
f,nUn χf,n+1 − χ†

f,n+1U
†
n χf,n) + mlat

N−1

∑
n=0

(−1)n χ†
f,n χf,n]

Ln

Un = 1

χ1,n = σ−
1,n

n−1

∏
j=0

(−σz
2,jσ

z
1,j) χ2,n = σ−

2,n(−iσz
1,n)

n−1

∏
j=0

(−σz
2,jσ

z
1,j)
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[Dempsey et al. (2022)]

[Kogut & Susskind (1975)]



密度行列繰り込み群 (DMRG)
MPSをansatzとして の固有状態を変分法により求める 

• コスト関数 :  エネルギー  

•  が減少するように  をupdate 

• MPS近似の精度を決める cutoff parameter  を導入 
  特異値分解において、  より小さい特異値は無視 
  small  <̶> large  <̶> high accuracy <̶> high cost 

• 第 励起状態  ̶> コスト関数 :  

H

E = ⟨Ψ |H |Ψ⟩

E Ai(si)

ε
ε

ε Di

ℓ |Ψℓ⟩ ⟨Ψℓ |H |Ψℓ⟩ + W
ℓ−1

∑
ℓ′ =0

⟨Ψℓ′ 
|Ψℓ⟩

2

[White (1992)]

 

 :  行列 
 : bond次元

|Ψ⟩ = ∑
{si}

Tr [A0(s0) A1(s1) ⋯] |s0 s1 ⋯⟩

Ai(si) Di−1 × Di

Di

9

[Fishman et al. (2022)]本研究の計算には、ITensorのC++ libraryを用いた

[Schollwock (2005)]



数値計算の結果
(1) Correlation-function scheme 

(2) One-point-function scheme 

(3) Dispersion-relation scheme

10



数値計算の結果
(1) Correlation-function scheme 

(2) One-point-function scheme 

(3) Dispersion-relation scheme

11



(1) Correlation-function scheme
• 空間2点相関関数 :   

• 有効質量 :  ,     

プラトーの値 = pionの質量? 
  ⚠ 近似の精度を上げると長距離での振る舞いが変化 

 ( ) :  は平坦 

 ( ) :  の  依存性が見える 

• What’s happened?

Cπ(r) = ⟨π(x)π(y)⟩

Mπ,eff(r) = −
d
dr

log Cπ(r) r = |x − y |

ε = 10−10 Di ∼ 400 Mπ,eff(r)

ε = 10−16 Di ∼ 2800 Mπ,eff(r) r

π = − i (ψ̄1γ5ψ1 − ψ̄2γ5ψ2)

12

相関関数

有効質量



Yukawa型相関 → 有効質量の1/r補正
• (1+1)d 質量 の自由粒子 :    ̶>   

• massless Nf=1 Schwinger模型 (厳密に解ける) 

M ⟨ϕ(x, t)ϕ(y, t)⟩ ∼
1

Mr
e−Mr Meff(r) ∼

α
r

+ M

 に対してplot1
r

pseudo-scalar 
−iψ̄γ5ψ

13

の厳密な値M

• MPSで  補正を再現するのは難しい 

•  の外挿が必要
1/r

r → ∞



Nf=2での結果
 のデータを用いて、有効質量を  に外挿ε = 10−16 r → ∞

pion sigma eta
M 0.431(1)  0.722(6) 0.899(2)
α 0.477(9)  0.83(5) 0.51(2)

π = − i (ψ̄1γ5ψ1 − ψ̄2γ5ψ2) σ = ψ̄1ψ1 + ψ̄2ψ2 η = − i (ψ̄1γ5ψ1 + ψ̄2γ5ψ2)

14

pion sigma meson

eta meson



数値計算の結果
(1) Correlation-function scheme 

(2) One-point-function scheme 

(3) Dispersion-relation scheme

15



(2) one-point-fn. scheme (eta & sigma)
•  では open boundary が 

iso-singlet の source となる (~wall source) 

• 1点関数 :  

•  依存性は見られない 
̶> 特異値の切り捨てによる 
      系統誤差は十分小さい

θ = 0

⟨𝒪(x)⟩ ∼ exp(−Mx)

ε

fittingの結果 
• eta: ,  

• sigma: , 
M = 0.9014(1) C = − 1.096(1)

M = 0.761(2) C = − 2.71(2)

16

eta meson

sigma meson

𝒪(x)boundary state



(2) pion: tricky case
⚠  では triplet の一点関数が常にゼロ  

解決法：θの値を  にシフトすることで背景電場を導入 

• 電荷  を持つDirac fermionがedge modeとして励起される 

• boundary上のisospin 1/2 ̶> iso-triplet mesonのsource 

θ = 0 ⟨π(x)⟩ = 0

θ = 2π

±1

 
trivially gapped

θ = 0  
Haldane phase

θ = 2π

θ
θ = π

17

-1 +1 J =
1
2

J =
1
2 x

ψ* ψ

cf.) 反強磁性 Heisenberg chain 
      と同様のSPT的性質

[Chen et al. (2011)]  [Kapustin (2014)]



(2) one-point-fn. scheme (pion)
•  において基底状態を生成 

• 1点関数を計算  

• fittingの結果: 
,   

•  依存性は見られない

θ = 2π

⟨π(x)⟩ ∼ exp(−Mx)

M = 0.4175(9) C = 0.203(9)

ε

pion sigma eta

M 0.4175(9)  0.761(2) 0.9014(1)

18

π(x) edge modeJ = 1/2



数値計算の結果
(1) Correlation-function scheme 

(2) One-point-function scheme 

(3) Dispersion-relation scheme

19



(3) Dispersion-relation scheme
• energy gap:         momentum square:  

• triplets ̶> pion?      singlets ̶> sigma or eta meson? 

量子数を測ることで状態を分類 :  ,  ,  

ΔEℓ = Eℓ − E0 ΔK2
ℓ = ⟨K2⟩ℓ − ⟨K2⟩0

J2 Jz G = CeiπJy

energy momentum2

20



量子数

• triplets: ,  ,   

̶> pion ( ) 

• singlets: ,  , 

 ( ) ̶> sigma meson ( ) 
 ( ) ̶> eta meson ( )

J2 = 2 Jz = (0, ± 1) G > 0

JPG = 1−+

J2 = 0 Jz = 0

G > 0 ℓ = 13,14,22 JPG = 0++

G < 0 ℓ = 18,23 JPG = 0−−

21

triplets

` J2 Jz G P

1 2.00000004 0.99999997 0.27872443 -6.819⇥10�8

2 2.00000012 -0.00000000 0.27872416 -6.819⇥10�8

3 2.00000004 -0.99999996 0.27872443 -6.819⇥10�8

4 2.00000007 0.99999999 0.27736066 7.850⇥10�8

5 2.00000006 0.00000000 0.27736104 7.850⇥10�8

6 2.00000009 -0.99999998 0.27736066 7.850⇥10�8

7 2.00000010 1.00000000 0.27536687 -8.838⇥10�8

8 2.00000002 0.00000000 0.27536702 -8.837⇥10�8

9 2.00000007 -0.99999998 0.27536687 -8.838⇥10�8

10 2.00000007 0.99999998 0.27356274 9.856⇥10�8

11 2.00000005 0.00000001 0.27356277 9.856⇥10�8

12 2.00000007 -0.99999999 0.27356274 9.856⇥10�8

15 1.99999942 0.99999966 0.27173470 -1.077⇥10�7

16 2.00000052 0.00000000 0.27173482 -1.077⇥10�7

17 2.00000015 -1.00000003 0.27173470 -1.077⇥10�7

19 2.00009067 1.00004377 0.27717104 -3.022⇥10�8

20 2.00002578 -0.00000004 0.27717020 -3.023⇥10�8

21 2.00003465 -1.00001622 0.27717104 -3.023⇥10�8

Table 1. The quantum numbers of the isospin triplet states. The index ` comes from the level of
each state in the original basis. The rows of the table are separated into each triplet.

` J2 Jz G P

0 0.00000003 -0.00000000 0.27984227 3.896⇥10�7

13 0.00000003 0.00000000 0.27865844 1.273⇥10�7

14 0.00000003 0.00000000 0.27508176 -2.765⇥10�8

18 0.00000028 0.00000006 -0.27390909 -6.372⇥10�7

22 0.00001537 0.00000115 0.26678987 7.990⇥10�8

23 0.00003607 -0.00000482 -0.27664779 5.715⇥10�7

Table 2. The quantum numbers of the isospin singlet states.

quantum number [25], and, if it is true, we can still identify the G-parity. This point will

be discussed more in details in Appendix B. We identify the lowest triplet ` = 1, 2, 3 as the

lowest modes of the pions (⇡+, ⇡0, ⇡�) since they have the quantum numbers consistent

with the pion, namely JPG = 1�+ and Jz = 0,±1. For the iso-singlets shown in Table 2,

we find that the ` = 13 state has the quantum number consistent with the sigma meson,

namely JPG = 0++ and Jz = 0. The ` = 18 state is consistent with the eta meson with

JPG = 0�� and Jz = 0. We identify these singlets with the lowest modes of the sigma and

eta mesons.

After identifying the quantum numbers, we plot the energy gap �E` = E`�E0 against

the momentum square �K2
`
=

⌦
K2

↵
`
�
⌦
K2

↵
0
to obtain the dispersion relation as shown in

– 26 –

singlets

` J2 Jz G P

1 2.00000004 0.99999997 0.27872443 -6.819⇥10�8

2 2.00000012 -0.00000000 0.27872416 -6.819⇥10�8

3 2.00000004 -0.99999996 0.27872443 -6.819⇥10�8

4 2.00000007 0.99999999 0.27736066 7.850⇥10�8

5 2.00000006 0.00000000 0.27736104 7.850⇥10�8

6 2.00000009 -0.99999998 0.27736066 7.850⇥10�8

7 2.00000010 1.00000000 0.27536687 -8.838⇥10�8

8 2.00000002 0.00000000 0.27536702 -8.837⇥10�8

9 2.00000007 -0.99999998 0.27536687 -8.838⇥10�8

10 2.00000007 0.99999998 0.27356274 9.856⇥10�8

11 2.00000005 0.00000001 0.27356277 9.856⇥10�8

12 2.00000007 -0.99999999 0.27356274 9.856⇥10�8

15 1.99999942 0.99999966 0.27173470 -1.077⇥10�7

16 2.00000052 0.00000000 0.27173482 -1.077⇥10�7

17 2.00000015 -1.00000003 0.27173470 -1.077⇥10�7

19 2.00009067 1.00004377 0.27717104 -3.022⇥10�8

20 2.00002578 -0.00000004 0.27717020 -3.023⇥10�8

21 2.00003465 -1.00001622 0.27717104 -3.023⇥10�8

Table 1. The quantum numbers of the isospin triplet states. The index ` comes from the level of
each state in the original basis. The rows of the table are separated into each triplet.

` J2 Jz G P

0 0.00000003 -0.00000000 0.27984227 3.896⇥10�7

13 0.00000003 0.00000000 0.27865844 1.273⇥10�7

14 0.00000003 0.00000000 0.27508176 -2.765⇥10�8

18 0.00000028 0.00000006 -0.27390909 -6.372⇥10�7

22 0.00001537 0.00000115 0.26678987 7.990⇥10�8

23 0.00003607 -0.00000482 -0.27664779 5.715⇥10�7

Table 2. The quantum numbers of the isospin singlet states.

quantum number [25], and, if it is true, we can still identify the G-parity. This point will

be discussed more in details in Appendix B. We identify the lowest triplet ` = 1, 2, 3 as the

lowest modes of the pions (⇡+, ⇡0, ⇡�) since they have the quantum numbers consistent

with the pion, namely JPG = 1�+ and Jz = 0,±1. For the iso-singlets shown in Table 2,

we find that the ` = 13 state has the quantum number consistent with the sigma meson,

namely JPG = 0++ and Jz = 0. The ` = 18 state is consistent with the eta meson with

JPG = 0�� and Jz = 0. We identify these singlets with the lowest modes of the sigma and

eta mesons.

After identifying the quantum numbers, we plot the energy gap �E` = E`�E0 against

the momentum square �K2
`
=

⌦
K2

↵
`
�
⌦
K2

↵
0
to obtain the dispersion relation as shown in
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分散関係の結果
• 各メソン毎に 

 を  に対してプロット 

• 分散関係式  
でfittingする

ΔEℓ ΔK2
ℓ

ΔE = b2ΔK2 + M2

22

π

σ

η

pion sigma eta
M 0.426(2) 0.7456(5) 0.9037
b 1.017(4) 1.087(2) 0.9622



Summary
• 3つの独立な方法により得られたスペクトルは 

互いに無矛盾 

• bosonizationを用いた近似計算とも無矛盾 

✔  ̶> U(1) problem 

✔      

✔  within 5% deviation

Mπ < Mσ < Mη

Mη ∼ μ (μ = g 2/π ∼ 0.8)

Mσ /Mπ = 3

correlation func. one-point func. dispersion

Mσ/Mπ 1.68(2) 1.821(6) 1.75(1)
23

[Coleman (1976)] [Dashen et al. (1975)]

π

σ

η



Discussion
(1) correlation-function scheme 
   👍 あらゆる場合に適用可能な一般的な手法 
   😥 DMRGではbond次元の影響が大きい ̶> 😊 量子計算 

(2) one-point-function scheme 
   👍 系のサイズやbond次元が小さくても有効 
   😥 boundaryと同じ量子数を持つ lowest state にしか適用できない 

(3) dispersion-relation scheme 
   👍 様々な励起状態が発見的に得られる / 波動関数などの情報 (s/p-wave)  
   😥 励起状態をたくさん生成する計算コストが高い

24



Application to θ≠ 0
• これらの手法は  の場合にも適用可能 

• (3) dispersion-relation scheme の結果

θ ≠ 0

25

preliminary

Monte Carlo result 
[Fukaya & Onogi (2003)]

calculation, we approximate the integral of Ssubtr
N (!!,m) by

the trapezoidal rule for the discrete set of !! points, but this
does not seem to be the reason for the large fluctuation in the
"/(2#)!0.5 region. The main nonperturbative contribution
comes from DetN and Ssubtr

N (!!,m) gives only perturbative
effects of order !!"2.
We suspect that this large fluctuation is an example of the

well-known phase problem. Simply increasing the statistics
might not improve the situation.
Of course in application to QCD, it will be important to

evaluate Ssubtr
N (!!,m) and other observables more precisely.

B. ! meson correlator and U„1… problem
As the final subject, we would like to present the result of

our exploratory measurement of the $ meson mass in order
to study the topological structure. The $ propagator consists
of two parts:

%$$&#"2 ! tr" '3
1
D '3

1
D # $ $4 ! tr" '3

1
D # tr" '3

1
D # $ ,

(36)

where the first term is the same as the flavor nonsinglet #
propagator and the second term gives the ‘‘hair-pin’’ or dis-
connected contribution to the flavor singlet operator. Because
the number of physical space-time points is only 16%16, we
compute the ‘‘hair-pin’’ contribution by brute force, namely
by solving the fermion propagator for all points without re-
lying on the noise method *40+ or Kuramashi method *41+.
Figure 15 shows the contribution of the second term in

each sector, whereas Fig. 16 shows the full (symmetrized) $
propagator at m#0.2 and "#0. We also present effective
mass plot in Fig. 17. We find that the fall of $ propagator is
steeper than that of # which gives qualitatively consistent
results with the U(1) problem, although it suffers from both
the theoretical errors as well as the large statistical errors
making quantitative studies difficult. One of the major
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FIG. 14. " dependence of the pion mass at m#0.2. The open
symbols are the lattice data. The dashed line is the analytical result
of the " dependence in the continuum theory, where the normaliza-
tion is fitted by the lattice results. For "/(2#)&0.5, the pion mass
is proportional to cos("/2)2/3, which is in complete agreement with
the continuum results.
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Section 2 
TRGで見るラージNゲージ理論

collaboration with 
平沢 光昭 (INFN Milano-Bicocca), 西村 淳 (KEK, SOKENDAI), 

and Atis Yosprakob (Niigata U) 
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テンソル繰り込み群(TRG)
• テンソルネットワークで表現された分配関数を粗視化しながら計算 

       

• deterministicな計算で符号問題がない 
→ 統計誤差はなく系統誤差のみ 

• 大体積での計算が容易：計算コスト  

• fermionを直接扱うことが可能：Grassmann TRG

Z = ∫ 𝒟ϕ e−S[ϕ] = ∑
a,b,c,d,⋯

TabcdTdefg⋯

∼ log V

27

[Levin & Nave (2007)]

[Gu et al. (2010)]  [Shimizu & Kuramashi (2014)]  [Akiyama & Kadoh (2021)]
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Figure 3. The two types of SVD used for even sites and odd sites, respectively.
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TT

⇒
T

′

Figure 4. The two steps in the coarse-graining procedure for the tensor network.

The two types of SVD (3.1) and (3.3) can be represented diagrammatically as in figure 3.
We apply them on the even and odd sites of the lattice, respectively,3 which is shown in
figure 4 as the first step from the left to the middle.

The second step is to define

T ′
abcd =

∑

pqrs

S̃(1)
(q,r),aS̃

(3)
(r,s),dS̃

(2)
c,(s,p)S̃

(4)
b,(p,q) , (3.5)

which represents the coarse-grained version of the original tensor Tpqrs. This is shown
in figure 4 as the second step from the middle to the right. Note that the new lattice is
tilted by 45◦ degrees, but the boundary condition is such that it respects the translational
invariance in the directions of the original lattice. Repeating this procedure twice, one
obtains a L/2 × L/2 lattice with periodic boundary conditions. Thus, starting from a
2n × 2n lattice, we can perform the coarse graining 2n times to arrive at a one-site model
with the fundamental tensor T ′′

pqrs, whose partition function can be evaluated as

Z =
∑

p,q

T ′′
pqpq . (3.6)

In general, the fundamental tensor has a form more complicated than (2.28), and
the SVD such as (3.1), (3.3) has to be done numerically. Note also that an index of the
coarse-grained version of the fundamental tensor corresponds to the double indices of the

3Here we need to assume that the number of sites in each direction is even in order to assign the parity
to each site consistently to the boundary condition.

– 8 –



U(N)・SU(N)ゲージ理論のTRG
• 2次元(Euclidean)のU(1)・SU(2)ゲージ理論への適用は比較的容易 

• 高次元(d≧3)や高ランク(N≧3)への拡張は非自明 

• 本研究は高ランクの場合に注目した 

• ゲージ場はbosonicであり、大きな内部自由度を持つ 
→ 有限のテンソルを得るために、自由度を離散化し、cutoffを導入 

• character展開を用いて群積分を離散和に置き換えるを採用 

cf.) 他にGauss-Legendre quadratureや群積分のサンプリングによる近似など

28

[Bazavov et al. (2015)] 
[Unmuth-Yockey et al. (2018)]

[Kuramashi & Yoshimura (2020)]  [Fukuma et al. (2021)]  [Kuwahara & Tsuchiya (2019)]



θ項を含む2次元ゲージ理論

• 作用 :   

• トポロジカルチャージ :    (U(N)の場合) 

• 格子正則化 →        

link変数：       plaquette：  

• 有限格子上での厳密解が知られている

S =
1

4g2 ∫ d2x tr(Fμν)2 − iθQ

Q =
1

4π ∫ d2x ϵμνtr(Fμν)

S = −
N
λ ∑

n∈Λ

tr(Pn + P†
n) −

θ
2π ∑

n∈Λ

log det Pn λ = 2Ng2a2

Un,μ ∈ U(N), SU(N) Pn = Un,1Un+1̂,2Un+2̂,1
†Un,2

†

29

[Rusakov (1990)]  [Bonati & Rossi (2019)]

Un,1

Un+2̂,1
†

Un+1̂,2Un,2
†

n n + 1̂

n + 2̂



SU(N), U(N) の既約表現
• SU(N)の表現は条件  を満たすN-1個の整数でラベルできる 

      cf.) Young図 →  行目に  個の□  

• U(N)の表現は、SU(N)の表現とcharge  の組として得られる 

 

• 表現の次元： 

l1 ≥ l2 ≥ ⋯ ≥ lN−1 ≥ 0

r(SU) = {l1, l2, ⋯, lN−1} i li

q ∈ ℤ

r(U) = (r(SU), q) = {l1 + q, l2 + q, ⋯, lN−1 + q, q}

dr = ∏
1≤i<j≤N (1 +

li − lj
j − i )

30



Character展開

• 分配関数：         Haar measure：  

• local Boltzmann weight の character展開 

 

• 展開係数：         

Z = ∫ 𝒟U e−S = ∫ 𝒟U ∏
n∈Λ

w(Pn) 𝒟U = ∏
n,μ

dUn,μ

w(P) = exp tr ( N
λ

(P + P†) +
θ

2π
log P) = ∑

r

γr trr(P)

γr = det Mr [Mr]ij = ∫
+π

−π

dϕ
2π

cos {(lj + i − j+ θ
2π ) ϕ} exp ( 2N

λ cos ϕ)

31

[Drouffe & Zuber (1983)] [Bonati & Rossi (2019)]

cf.) U(1)の場合 = Fourier展開 
w(P) = ∑

q∈ℤ

γq eiqϕ



テンソルの構成

• 各表現ごとに       ： の表現行列 

→  

• 分配関数

trr(Pn) = ∑
i,j,k,l

Dr
ij(Un,1) Dr

jk(Un+1̂,2) Dr
kl(Un+2̂,1

†) Dr
li(Un,2

†) Dr(U) U

w(Pn) = ∑
p,q,r,s

∑
i,j,k,l

γr δpqrs Dp
ij(Un,1) Dq

jk(Un+1̂,2) Dr
kl(Un+2̂,1

†) Ds
li(Un,2

†)

32

Ds
li(Un,2

†) Dq
jk(Un+1̂,2)

Dp
ij(Un,1)

Dr
kl(Un+2̂,1

†)

γr δpqrs

Z = ∫ 𝒟U
w(Pn) =



テンソルの構成

• 表現行列の直交性：  

• の積分：

∫ dU Dr
ij(U) Ds

kl(U
†) =

1
dr

δrs δil δjk

U

33

∫ dU

U

Dr
ij(U)

i

j

r Ds
kl(U

†)

l

k

s =

i

j

r

l

k

s
δrs

dr



テンソルの構成
• 分配関数のTN 

• 基本テンソル

34

=Z = ∫ 𝒟U

Tpqrs = =
γr

dr
δpqrs

= δij δjk δkl δli = dr

[Yosprakob (2023)]行列添字はtrace out可能



TRGが厳密解を与える特殊な例

• 2次元ゲージ理論の基本テンソル：        は表現のラベル 

• 表現の数を 個にcutoffし、有限のテンソルを得る 

• テンソルは“対角成分”のみ値を持つ → 特異値分解が自明      特異値：  

• TRGのone step：    bond次元は増加しない 

• 分配関数  は  で厳密解に一致する

Tpqrs =
γr

dr
δpqrs p, q, r, s

Dcut

σr = |γr | /dr

Tpqrs =
γr

dr
δpqrs → ( γr

dr )
2

δpqrs

Z = ∑
r

( γr

dr )
V

Dcut → ∞

35



特異値が大きい表現の選び方
• 特異値  が大きい順に 個の表現を選ぶ 

• 全ての表現の中から特異値の大きい表現をどのように探すか？ 

⚠ 特異値は計算するまでわからない 

• U(1)の場合は charge  に、 
SU(2)の場合は spin  に上限を課せば良い 

•  の場合、 
どのような条件で表現を選べば良いか？

σr = |γr | /dr Dcut

q

J

N ≥ 3

36

1
???

全ての表現 (無限個)

ある条件で 
選んだ表現 
( 個)Nrep

特異値が大きい 
順に選んだ表現 
( 個)Dcut



表現のcutoff
• (a) 表現をラベルする  に上限を課す  

• (b) 表現の次元に上限を課す  

→ (b)の方が効率が良い (以下の解析では(b)を用いる)

{l1, l2, ⋯, lN} Λl ≥ l1 ≥ l2 ≥ ⋯ ≥ lN

dr ≤ Λd

37
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Figure 6. The number of representations required for a given Dcut is plotted against Dcut for the
SU(6) gauge theory with λ = 3. The dashed, dotted and dash-dotted lines represent the results for
the truncation by l1, the dimensionality dr, and ν ≡ minq∈Z

∑N
i=1 |li + q|, respectively. The solid

line y = x corresponds the theoretical lower bound.

symbols correspond to different l1 as shown in the left panel. We observe a clear tendency
that the singular value becomes small as either l1 or the dimensionality becomes large.

In order to compare the efficiency of the two cutoff schemes, we increase the cutoff in
either cutoff scheme until the largest Dcut singular values of the fundamental tensor do not
change any more. The number of representations below the cutoff to achieve a given value
of Dcut is plotted in figure 6. It is clear that the number of representations is significantly
smaller for the cutoff scheme with the dimensionality. It is also worth noting that in the
case of SU(2), the two cutoff schemes reduce to the truncation by spins S since l1 = 2S and
dr = 2S + 1. What we find here is that for N > 2, it is far more efficient to truncate the
representations by the dimensionality dr than by l1.

Next we consider the U(N) case using the relationship (2.15) to the representations
of SU(N), which can be truncated in the way described above. The remaining task is to
introduce a cutoff on q in (2.15). Note that the complex conjugate representation of {l′i}
is given by {l̄′i}, where l̄′i = −l′N+1−i. Therefore, as a simple cutoff on q that does not
discriminate the complex conjugates, we impose

max
i

|l′i| =
∣∣∣∣q +

l1
2

∣∣∣∣+
l1
2 ≤ Λq , (4.9)

where Λq is an integer representing the cutoff on q. Note that this is a natural generalization
of the U(1) case, where we truncate the representations by the charge.

As yet another way of truncation, we can think of∑N
i=1 |l′i| ≤ Λ for the U(N) case, which

is clearly invariant under complex conjugation. The SU(N) analogue of this truncation is
given by ν ≡ minq∈Z

∑N
i=1 |li + q| ≤ Λ. The efficiency of this truncation scheme turns out

to be comparable to the one with the dimensionality as we can see from figure 6.

– 12 –
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次元が大きいほど 
特異値は小さい傾向



特異値のスペクトル
• coupling  が大きいほど、特異値のスペクトルは速く減衰 

• 弱結合では  を大きくする必要がある

λ = 2Ng2a2

Dcut

38

SU(3)の場合
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Figure 7. The singular values σi/σ1 (i = 1, 2, · · · , 32) of the fundamental tensor normalized by the
largest one σ1 are plotted in the descending order for the SU(3) gauge theory with various values of
the coupling constant.

4.3 Properties of the singular-value spectrum

Using the strategy for restricting the number of representations proposed in the previous
section, we can obtain the singular-value spectrum correctly up to any given Dcut. Below
we discuss various properties of the singular-value spectrum thus obtained. First we discuss
how the singular-value spectrum depends on the coupling constant. In figure 7, we plot
the singular values σi (i = 1, 2, · · · ) sorted in the descending order for the SU(3) case with
various values of the coupling constant. The singular values are normalized by the largest
one σ1, which corresponds to the trivial representation as we mentioned at the end of
section 4.1. We find that the singular-value spectrum falls off more slowly at weak coupling,
where the correlation length becomes large.

Next we discuss the behavior of the singular values at large N . In particular, we will see
that the ratio of the singular values σi/σ1 becomes finite in the large-N limit. We also find,
in the U(N) case, that the large-N behavior of the singular values changes qualitatively at
the critical coupling of the Gross-Witten-Wadia phase transition.

In order to discuss the large-N behavior of the singular values, we define a sequence
of representations for increasing N . For example, the trivial, (anti-)fundamental and
adjoint representations, which are defined for N = 2, 3, · · · can be regarded as sequences of
representations. Generalizing these examples, we define a sequence of representations, in
the U(N) case, by specifying n ≥ 0 positive entries and m ≥ 0 negative entries of {l′i} as

r(U) = {l′1, · · · , l′n, 0, · · · , 0, l′N−m+1, · · · , l′N} . (4.10)

As N increases, the number of zero entries in the middle increases while keeping the
structure at both ends of {l′i} fixed. By adding charge q ∈ Z to the representations (4.10),

– 13 –
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Figure 13. (Left) The free energy density
{
F̃ (Dcut) − F̃ (1)

}
for V = 1 is plotted against Dcut

for the SU(3) gauge theory with various values of the coupling constant, which are used also in
figure 7. (Right) The free energy density N2

{
F̃ (Dcut) − F̃ (1)

}
for V = 1 is plotted with different

normalization against Dcut for the U(N) and SU(N) gauge theories with various N at λ = 0.5.

5 Explicit results with a bond dimension Dcut

Given the singular values of the fundamental tensor up to some bond dimension Dcut, we
can obtain explicit results for various observables. We discuss how the results depend on
Dcut, and show, in particular, that the finite Dcut effects become severe for small N , small
volume and at weak coupling. We can obtain explicit results even in such cases. As an
example, we show how the Gross-Witten-Wadia phase transition appears as N increases.

5.1 The Dcut-dependence

Let us first discuss the Dcut-dependence. Since the observables are typically obtained by
taking the derivatives of the free energy density F (4.17) in the TRG, let us consider the
Dcut-dependence of F . Note first that the Dcut-dependence disappears in the infinite-volume
limit since the trivial representation dominates in that limit as we mentioned at the end of
section 4.1. Therefore, we focus on the free energy density F̃ (Dcut) obtained for finite Dcut
with V = 1, where finite Dcut effects become the severest.

In figure 13 (Left), we plot the free energy density
{
F̃ (Dcut) − F̃ (1)

}
against Dcut for

the SU(3) gauge theory with various values of the coupling constant, which are used also in
figure 7. We find that the free energy density converges faster at stronger coupling. This is
consistent with the singular-value distribution in figure 7, which falls off faster at larger λ.

In fact, the finite Dcut effects vanish as O(1/N2) at large N since finite volume effects,
which cause the finite Dcut effects, are suppressed by 1/N2 due to the Eguchi-Kawai
reduction. In order to see this more explicitly, let us note that the free energy density

– 20 –

free energy



large-Nにおける物理量のθ依存性
• 小体積  でNを変えながら物理量のθ依存性を計算 

• Gross-Witten-Wadia相転移  を境に振る舞いが異なる 

• 強結合領域  では  でも large-N reduction が成り立つ 

• Nを増やすと、 
有限体積の結果が 
無限体積の結果に近づく

V = 2 × 2

λ = 2

λ > 2 θ ≠ 0
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Figure 16. The imaginary part of the topological charge density is plotted against θ for U(N)
gauge theories with various N and L = 2, Dcut = 32 using λ = 1.5 (Left) and λ = 3 (Right). The
results for N = ∞ and L = ∞ are shown by the solid lines, which, for λ = 3, deviates from the
linear behavior represented by the dashed line in the right panel.

at θ ∼ 0. Note that σr(θ) is an even function of θ for real representations r in general due
to the property (6.9). In what follows, we investigate the large-N properties of the singular
values for general representations.

Let us first discuss the weak coupling phase λ < 2. For the sequence (4.10) of
representations without charge, we find that12

log σr(U)(θ) = log σr(U)(0) − 1
2χNθ2 +O

( 1
N

)
(6.14)

at large N , where χN is an O(1) quantity given by (6.12). Note that the singular values σr(θ)
are not periodic in θ as we mentioned below (6.8), and (6.14) holds for arbitrary θ. This is
shown in figure 17 (Top-Left) for the trivial, fundamental13 and adjoint representations.
The small deviation at large θ is due to finite N effects as we can see from figure 17
(Bottom-Left).

When we add some charge q to the representation r(U), we obtain

σ(r(U), q)(θ) = σr(U)(θ + 2πq) = σr(U)(0)e− 1
2χN (θ+2πq)2+O(1/N) (6.15)

using (6.8) and (6.14). Setting θ = 0 in (6.15), we get

σ(r(U), q)(0) = σr(U)(0)e−2π2q2χN+O(1/N) , (6.16)

which provides a clear understanding of the results in figure 10 (Top), where log σr for
representations with some charge q has a slope commonly decreased by 2π2q2χN . When we

12A linear term in θ appears at O(1/N) for complex representations but not for the real ones.
13Since the fundamental representation is not real unlike the trivial and adjoint representations, the 1/N

terms in (6.14) involves a linear term in θ. Here we take an average of the results for the fundamental and
anti-fundamental representations to cancel this term for the sake of simplicity. This remark also applies to
figure 19, where we add charge −1 to the fundamental representation.
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弱結合
λ = 1.5  

強結合
λ = 3.0



large-N における特異値の振る舞い
      ： の中で最大の特異値を与えるチャージ 

      shift of  = shift of  

• 強結合では  のとき 
 となるため 

 

• 結果として、large-Nでは 
 だけ残る

σ(r(SU),q0)(θ) = σ(r(SU),q0)(0) e−χf(θ)+O(1/N) q0 (r(SU), q)

σ(r(SU),q0+q)(θ) = σ(r(SU),q0)(θ + 2πq) = σ(r(SU),q0)(0) e−χf(θ+2πq)+O(1/N) q θ

q ≠ 0

f(θ + 2πq) → ∞

e−χf(θ+2πq) → 0

σ(r(SU),q0)(θ) ∝ e−χf(θ)
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Figure 17. (Top) The quantity 1
χN

log{σr(θ)/σr(0)} is plotted against θ for the trivial, fundamental
and adjoint representations in the U(N) gauge theory with N = 15 at λ = 1.5 (Left) and λ = 3
(Right). We also show the behavior − 1

2θ2 by the solid lines for comparison. (Bottom) The same
plots with various N at λ = 1.5 (Left) and λ = 3 (Right) are shown for the trivial representation. A
clear large-N scaling behavior is seen. Similar behaviors are observed for the other representations.

switch on θ, (6.15) implies that the singular-value spectrum still has a definite profile in the
large-N limit, and the θ-dependence of the profile comes only from the factor e− 1

2χN (θ+2πq)2 ,
which depends on the charge q.

Let us next discuss the strong coupling phase λ > 2, where χN involves a logN term
as in (6.12). For the sequence (4.10) of representations without charge, we observe from
figure 17 (Top-Right) that

log σr(U)(θ) = log σr(U)(0) − χNϕ(θ) + O
( 1
N

)
(6.17)

at large N except for θ ∼ 2nπ (|n| = 1, 2, · · · ). The function ϕ(θ) in (6.17) is given by some
even function of θ, which is independent of r(U) and satisfy ϕ(θ) ∼ 1

2θ2 at small θ.
At θ ∼ 2nπ (|n| = 1, 2, · · · ), the function ϕ(θ) has singularities, which appear because

γ̃r(U)(θ) in (6.7) oscillates around zero as a function of θ. In the vicinity of these zeroes,
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弱結合
λ = 1.5  

強結合
λ = 3.0

 のプロット1
χ

log
σr(θ)
σr(0)

∼ − f(θ)



large-Nにおける特異値の振る舞い
•  における特異値のlarge-N展開 →  の項は表現に依らない 

 

• θ項も含めると、強結合の場合にlarge-Nで寄与する特異値は… 

 

→ θ依存性を担う部分も、表現に依らないものだけが残る

θ = 0 N2

σ(r(SU),q0)(0) = exp (C(0)N2 + C(1)
(r(SU),q0)

+ O(1/N))

σ(r(SU),q0)(θ) = exp (C(0)N2 − χf(θ) + C(1)
(r(SU),q0)

+ O(1/N))
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θを含む場合の large-N reduction
• 強結合かつlarge-Nでの分配関数 

                 

• の項 →  における Eguchi-Kawai reduction 

•  がθ依存性を担う → 関連する物理量が  に依存しない 

 

•  における  の large-N reduction

1
V

log Z = C(0)N2 − χf(θ) +
1
V

log (∑
r

eVC(1)
r ) + ⋯ Z = ∑

r

(σr)V σr =
|γr |
dr

O(N2) θ = 0

f(θ) V

1
V

Im⟨Q⟩ = −
1
V

d
dθ

log Z = χ
d
dθ

f(θ)

θ ≠ 0 O(N0)
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[Eguchi & Kawai  (1982)]



まとめ
• character展開を用いたTRGを高ランク(N≧3)のゲージ理論に適用するためには、 

特異値への寄与の大きい表現を効率的に選び出す必要がある。 

• これには表現の次元  に上限を課す方法が適している。 

• この手法を用いて、θ項を含む2次元SU(N)・U(N)ゲージ理論の 
large-N における特異値の振る舞いを調べた。 

• その結果、通常の Eguchi-Kawai reduction に加えて、 
それと異なる  での large-N reduction が強結合領域で成り立つことがわかった。

dr

θ ≠ 0
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まとめ
• 高次元(d≧3)や物質場を導入した場合、テンソルの構造は非自明となるが、 

character展開を用いる場合、本研究の手法が同様に有効であるか？ 

•  における large-N reduction は、2×2の小さな格子であってもトポロジカルな性質
が現れることを意味している。トポロジーの情報は、どのようにして large N 行列に埋
め込まれているのか？

θ ≠ 0
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Thank you for listening.
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