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◉ テンソル繰り込み群 (TRG)
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◇ TRGはテンソルのトレースとして物理量を計算する

→ 特異値分解 (SVD) (Frobenius norm)
厳密な縮約は現実的ではないので近似が必要。
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[M. Levin, C. P. Nave. arXiv:cond-mat/0611687]
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◉ 特異値分解 (SVD)

→ 添字　を打ち切って近似する 

◇ より大きな特異値がより近似に重要
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◉ SVDによる粗視化(e.g. 画像圧縮)

[http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT]
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◉ SVDによる粗視化(e.g. Ising)
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◉ SVDによる粗視化(e.g. Ising)

◇ 厳密解からのずれ(Free energy)
32
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◉ 特異値の階層性

◇ なぜこの打ち切りがうまくいくのか?

→ 特異値は大きい順に並べると指数関数的に減少する
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◇ なぜこの打ち切りがうまくいくのか?

→ 特異値は大きい順に並べると指数関数的に減少する

◉ 特異値の階層性
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◉ TRGの計算量

◇ 計算量

O(D6)

22V ! O((logV )⇥D
6)

分解:

縮約: O(D6)

→ 計算量削減が実務的には重要

◇ 大きいボンドサイズDは難しい。
    (高次元、複雑な相互作用)
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◉ 高次元TRGにおける困難

◇ 単純なTRGの高次元への拡張は考えられないか? 

→ 形式的にはできるが打ち切りも計算量も悪化

D3 ! DCutoff:
O(D12)Cost:

精度と速度の改善を考えたい。
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Simple TRG, 
Anisotropic TRG,
Bond-weighted TRG, 
Core TRG, 
CTMRG, 
GILT,
HOTRG, 
Randomized TRG, 
SRG, 
TNR, 
Loop-TNR, 
Triad TRG,
MDTRG,
ALL-mode TRG,
Branching TRG, 

…etc.の組み合わせ

Boundary HOTRG  
CTM-TRG
NNR-TNR

10
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◉ テンソル繰り込み群の概観
◇ 色々あるが結局できることは何か? 

特異値分解 　 　　　or 　　　　　　変分法
近似

計算量削減
低ランク近似 (追加分解 or 打ち切りSVD or 境界条件)

精度改善
近似範囲の拡大, 大自由度による最適化,Disentangler

+ 近似範囲の違い。

→ 基本的には全ての手法がこれらの組み合わせで理解できる
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◉ 変分法

→ 添字　を最初から小さく限定して最適化する 

◇ このコスト関数を逐次的に最小化させる手法
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→ SVDの近似法として一般性がある

SVD
近似

計算量削減
打ち切りSVD

精度改善

近似範囲

→ 打ち切り特異値分解の手法。
　TRGに適用することで計算量を削減できる。
　また、縮約の近似としても利用できる。

◉ 乱拓特異値分解(R-SVD)
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◉ 乱拓特異値分解(R-SVD)
[S. Morita, et al. arXiv:1712.01458]
[N. Halko, et al. arXiv:0909.4061]

◇ 直交行列　による近似的な縮約法
<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

◇ 　　　　　　　の特異値分解なら添字の数が減って早い                                      
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D
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⇤
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⇤ ⌘ Q†ABCD

◇  　の準備に乱数とQR分解を使う<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>
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D
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⌦
<latexit sha1_base64="zG4MavRTJ0SY0LecLLGF7crgmvk="></latexit>

⇥

Cont.     QR
decomp.

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q <latexit sha1_base64="T+vZAV2fHWYLm9aVEZZ8Y1sXlRk="></latexit>

R

◇ 乱数テンソル 　でサンプリングして近似している
<latexit sha1_base64="8iZj0h+IGpmKGZufbmXDLNVaQXw="></latexit>

⌦
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◇ Cost: 
<latexit sha1_base64="bVOkgrs1rWdMtXZq4ro8FFt0rPI="></latexit>

O(D5) ! O(D6)

◉ Simple Contraction
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◇ Cost: 
<latexit sha1_base64="bVOkgrs1rWdMtXZq4ro8FFt0rPI="></latexit>

O(D5) ! O(D6)

◉ Simple Contraction
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◇ Cost: 

◉ Simple Contraction
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<latexit sha1_base64="bVOkgrs1rWdMtXZq4ro8FFt0rPI="></latexit>

O(D5) ! O(D6)◇ Cost: 

◉ Simple Contraction
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<latexit sha1_base64="bVOkgrs1rWdMtXZq4ro8FFt0rPI="></latexit>

O(D5) ! O(D6)◇ Cost: 

◉ Simple Contraction
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<latexit sha1_base64="bVOkgrs1rWdMtXZq4ro8FFt0rPI="></latexit>

O(D5) ! O(D6)◇ Cost: 

◉ Simple Contraction
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O(D5) ! O(D5) ! O(D5)
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<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
<latexit sha1_base64="u9WwOaloALBXKazxBVTq/ADLqSM="></latexit>

Q†

◇ Cost: 

◉ Contraction by R-SVD
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<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
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Q†
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O(D5) ! O(D5) ! O(D5)◇ Cost: 

◉ Contraction by R-SVD
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<latexit sha1_base64="C0hLaNVE6VF1OVPSx7/7BqIojUk="></latexit>

O(D5) ! O(D5) ! O(D5)◇ Cost: 

◉ Contraction by R-SVD
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<latexit sha1_base64="C0hLaNVE6VF1OVPSx7/7BqIojUk="></latexit>

O(D5) ! O(D5) ! O(D5)◇ Cost: 

◉ Contraction by R-SVD
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<latexit sha1_base64="C0hLaNVE6VF1OVPSx7/7BqIojUk="></latexit>

O(D5) ! O(D5) ! O(D5)◇ Cost: 

◉ Contraction by R-SVD
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<latexit sha1_base64="C0hLaNVE6VF1OVPSx7/7BqIojUk="></latexit>

O(D5) ! O(D5) ! O(D5)◇ Cost: 

◉ Contraction by R-SVD
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<latexit sha1_base64="C0hLaNVE6VF1OVPSx7/7BqIojUk="></latexit>

O(D5) ! O(D5) ! O(D5)◇ Cost: 

◉ Contraction by R-SVD
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<latexit sha1_base64="C0hLaNVE6VF1OVPSx7/7BqIojUk="></latexit>

O(D5) ! O(D5) ! O(D5)◇ Cost: 

◉ Contraction by R-SVD
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<latexit sha1_base64="C0hLaNVE6VF1OVPSx7/7BqIojUk="></latexit>

O(D5) ! O(D5) ! O(D5)◇ Cost: 

◉ Contraction by R-SVD
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<latexit sha1_base64="C0hLaNVE6VF1OVPSx7/7BqIojUk="></latexit>

O(D5) ! O(D5) ! O(D5)◇ Cost: 

◉ Contraction by R-SVD
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◉ Numerical costs for randomized TRG

◇ Cost reduced: 
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FIG. 5. (Color online) Di↵erence in the free energy from the
full SVD results decays exponentially with the oversampling
parameter at the critical temperature. The solid (red) line
is obtained by fitting to the lower triangular data (� = 128,
r = 1). The same constant c = 3.60 is used in the dashed
(black) lines.

spins. This TRG step su�ces for convergence of the free
energy to the thermodynamic limit at the critical tem-
perature. The error bars denote standard deviations esti-
mated by more than 16 independent runs. The horizontal
dashed lines indicate results of the original algorithm us-
ing full SVD. As expected, the improved TRG algorithm
with a larger oversampling parameter p shows a smaller
error and converges toward the full SVD result. Even at
the critical temperature, p ' � is su�cient to provide
the same results as full SVD independently of �. In the
system away from the critical temperature, much smaller
p is su�cient because of the rapid decay of the singular
values. The standard deviation of free energy decreases
with the oversampling parameter because of the law of
large numbers.

The accuracy of the power iteration scheme is shown
in Fig. 5. We found that the di↵erence in the free energy
from the full SVD result exponentially decreases with
the oversampling parameter p and the decay constant is
proportional to the number of power iterations r,

|f � ffull| / e
�crp/�

, (12)

This fact involves the upper bound of the error of the
power iteration scheme as mentioned before. We esti-
mated the coe�cient c = 3.60 at the critical temperature
with � = 128. The value of c is nearly independent of
the bond dimension. Since the power iteration scheme
enhances the decay of the singular values, a smaller value
of the oversampling parameter is su�cient for larger r.
For r = 2, p ⇠ �/8 achieves an accuracy comparable
with p = � without the power iteration. For r = 3,
even p = 0 is su�cient. From a viewpoint of time to
solution, however, the improved algorithm without the
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with RSVD

original TRG
with full SVD

contraction of four
3rd-order tensors

FIG. 6. (Color online) Elapsed time per TRG step as a func-
tion of bond dimension � is shown by open symbols. The im-
proved TRG algorithm with RSVD (circles) scales as O(�5),
while the original one with full SVD (squares) is O(�6). The
oversampling parameter for RSVD is set as p = � and the
power iteration scheme is not used (r = 1). The elapsed time
of contraction Eq.(8) in a step of TRG with full SVD is shown
by the solid triangles. The solid (red) and dashed (black)
lines, proportional to �

5 and �
6 respectively, are guides for

the eyes.

power iteration is superior to the others. For example, in
the case of � = 128, the elapsed time per TRG step with
(r, p) = (1, 128), (2, 16), and (3, 0) is 85.2(1), 94.3(2), and
124.9(2) s, respectively.

The elapsed time per TRG step against bond dimen-
sion � is plotted in Fig. 6. Here, we set the oversampling
parameter of RSVD as p = � and do not use the power
iteration scheme of RSVD (r = 1). The improved algo-
rithm clearly follows �

5 scaling, while the original one
with full SVD scales as O(�6). We achieved � = 512 in
the improved algorithm with the aid of the loop block-
ing technique. Although the most time-consuming part
in the original algorithm is full SVD, the contraction in
Eq. (8) also scales as O(�6), as shown in Fig. 6. Thus,
to achieve the �

5 scaling, the replacement of full SVD
with partial SVD is insu�cient and one needs to remove
explicit construction of the fourth-order tensor. To com-
pare the RSVD approach with other partial SVD meth-
ods with �

5 scaling, we consider the Arnoldi method[16].
It can solve an SVD problem without explicit matrix or
tensor construction and we confirm that TRG with the
Arnoldi method also shows �

5 scaling. However we ob-
serve that the RSVD approach is around two times faster
than TRG with the Arnoldi method which takes 164.7(4)
s per TRG step for � = 128.

We note that computational times were measured by
simulations in a single core on Intel Xeon E5-2697A (2.60
GHz) with 128 GB memory. We implemented the pro-
posed TRG algorithm and original one by using the script
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FIG. 2. (Color online) The chain of deformation in the TRG
algorithm. Our improved algorithm skips the intermediate
step of calculating the fourth-order tensor T .
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FIG. 3. (Color online) The improved TRG algorithm with
O(�5) computational cost. The double lines indicate bonds
with dimension � + p. (a) The first stage of RSVD. (b) The
second stage of RSVD. (c, d) Updated third-order tensors

S
[1]
new and S

[3]
new.

the random tensor ⌦ to S
[2] and S

[3]. The initial tensors
of S[i] are straightforwardly obtained from Eq.(2). For

example, S[1]
x0y0,s = Wsx0Wsy0 and S

[3]
xy,s = WsxWsy.

The key diagrams in this algorithm are Figs. 3(a) and
3(b) corresponding to matrix-matrix products Y = A⌦
and B = Q

†
A in the previous section. This contrac-

tion of five third-order tensors is of order �
5 as long

as the oversampling parameter p is less than or scaled
as �. As we mentioned, the cost of contraction of
the tensor network without ⌦ and Q

† is O(�6). The
order of contractions is important to reduce the com-
putational cost [23]. For example, the computational
cost of Y = S

[1](S[2](S[3](S[4]⌦))) scales as O(�5), but
Y = (((S[1]

S
[2])S[3])S[4])⌦ scales as O(�6).

We also note that the loop blocking technique helps
reduce the memory usage of contractions. Some summa-
tion loops of indices are partitioned into small blocks and
then the summations over the blocks are postponed after

 0  0.5  1  1.5  2

FIG. 4. (Color online) Relative errors of the free energy
at the critical temperature as a function of the oversampling
parameter p. The error bars indicate the standard deviations
estimated by more than 16 independent runs. The full-SVD
results are shown by the horizontal dashed lines.

the other contractions. In the case of Figs. 3(a) and 3(b),
memory usage is reduced to O(�3) by applying this tech-
nique to the index between S

[1] and S
[4] (see the details

in the Appendix). We emphasize that this technique al-
ways reduces the memory usage of intermediate tensors
to at most the same order of the initial and final tensor
networks.
The power iteration scheme of RSVD is applicable to

this algorithm within the same order of computational
cost and memory usage. We can use the similar diagrams
of Fig. 3. For example, the QR decomposition of B (=
Y2) instead of SVD yields the third-order tensor Q2 and
the contraction of Fig. 3(a) by replacing ⌦ byQ2 provides
the third-order tensor corresponding to Y3.

III. NUMERICAL RESULTS

To investigate the e↵ect of randomness in RSVD and
performance of the improved TRG algorithm, we calcu-
late the free energy of the Ising model on the square lat-
tice. The initial tensor Eq.(2) for an Ising model without
an external magnetic field is given with a 2⇥ 2 matrix,

W ⌘
✓p

cosh�J
p
sinh�Jp

cosh�J �
p
sinh�J

◆
. (11)

The critical temperature of this model is given by �cJ =
log(

p
2 + 1)/2.

The relative errors of the free energy from the On-
sager’s solution fexact at the critical temperature in the
thermodynamic limit are plotted against the oversam-
pling parameter in Fig. 4. We iterated at least 36 TRG
steps where the renormalized tensor T

(36) contains 236

O(D6) ! O(D5)

[S. Morita, R. Igarashi et al. arXiv:1712.01458]
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SVD(Isometry)
近似

計算量削減

精度改善

近似範囲
近似範囲

→ Isometryの明示的な導入と高次元への拡張
◉ Higher-Order TRG (HOTRG)

→ 近似範囲が一つのテンソルではない分、
　計算量はTRGより増えるが精度は上がりうる。
　Isometryで粗視化を表現。高次元への拡張が単純に。
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◉ Higher-Order TRG (HOTRG)

◇ 射影テンソル　を用いた近似的縮約U

→      は　　のSVDから得る

SVD打ち切り: D2 ! D

O(D7)

射影テンソルの計算量:O(D6)

縮約の計算量:

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0
<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)
<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="oSTHNyHtFa7OQ1/JubBjfzAiUI8="></latexit>y2

<latexit sha1_base64="cCwLOpa5Jhfk23m0Dlca+GZzDPg="></latexit>

y01
<latexit sha1_base64="P0Tna+7LWk8xqwR7dCUg2J/ALVE="></latexit>

x0
1

<latexit sha1_base64="JXAa8dPmJt+7eaURE/zIuxX6uXI="></latexit>x1

<latexit sha1_base64="XBHErAmmqE9fIkFkfqM9n+w8QwA="></latexit>x2
<latexit sha1_base64="QY4omSExI+GLN42/8u/8+j22DkE="></latexit>

x0
2

<latexit sha1_base64="NuE548F8iCmEw1vezcU5HZeKZmM="></latexit>

ỹ
<latexit sha1_base64="NxvHxnlElNiFOpy1E7S4BvZL9/Y="></latexit>

A

<latexit sha1_base64="NxvHxnlElNiFOpy1E7S4BvZL9/Y="></latexit>

A

<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)
<latexit sha1_base64="cCwLOpa5Jhfk23m0Dlca+GZzDPg="></latexit>

y01

<latexit sha1_base64="oSTHNyHtFa7OQ1/JubBjfzAiUI8="></latexit>y2

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="NxvHxnlElNiFOpy1E7S4BvZL9/Y="></latexit>

A

<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)

<latexit sha1_base64="87NLiXmrtiGfT//zgfgbDXHNeFM="></latexit>

��t
<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="rf+Ogc36bsxCurig004tJzeOcSg="></latexit>

[��t][x1x2][xt
1x

t
2]
=

D2X

k=1

U (x)
[x1x2]k

�kU
(x)
[xt

1x
t
2]k

<latexit sha1_base64="pQHebU9HnUmalWnLlZHOQhiwyPw="></latexit>

�(AA) = AA ! A(next)

<latexit sha1_base64="WieLMuBIRAycihCKNshjfDrlICw="></latexit>

U tAAU = A(next)
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<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="eXY4dHqo2xn+IXydRqxG7uvU5bY="></latexit>

At

<latexit sha1_base64="eXY4dHqo2xn+IXydRqxG7uvU5bY="></latexit>

At

◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)
<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="4x7dcuRu/3cgKAbW3hPRQ1E57xk="></latexit>

�(A)

◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A
<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

◇ Cost: 

◉ HOTRG◉ HOTRG: Contraction step
20

<latexit sha1_base64="FijootLeVyo03UhNLzUAhU8qqVo="></latexit>

O(D6) ! O(D7)
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◇ Cost: 

◉ HOTRG◉ HOTRG: Contraction step
20

<latexit sha1_base64="FijootLeVyo03UhNLzUAhU8qqVo="></latexit>

O(D6) ! O(D7)
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◇ Cost: 

◉ HOTRG◉ HOTRG: Contraction step
20

<latexit sha1_base64="FijootLeVyo03UhNLzUAhU8qqVo="></latexit>

O(D6) ! O(D7)
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◇ Cost: 

◉ HOTRG◉ HOTRG: Contraction step
20

<latexit sha1_base64="FijootLeVyo03UhNLzUAhU8qqVo="></latexit>

O(D6) ! O(D7)
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◇ Cost: 

◉ HOTRG◉ HOTRG: Contraction step
20

<latexit sha1_base64="FijootLeVyo03UhNLzUAhU8qqVo="></latexit>

O(D6) ! O(D7)
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◇ Cost: 

◉ HOTRG◉ HOTRG: Contraction step
20

<latexit sha1_base64="FijootLeVyo03UhNLzUAhU8qqVo="></latexit>

O(D6) ! O(D7)
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<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG◉ HOTRG: Contraction step
20
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)

◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◉ Higher-Order TRG (HOTRG)

◇ Ising模型

4
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FIG. 3: (color online) Graphical representation of Eq. (14) for

determining the bond density matrix ρ(n)
zw,xy through E(n+2)

ijkl .

FIG. 4: (color online) Comparison of the relative errors of
free energy with respect to the exact results for the 2D Ising
model obtained by various methods with D = 24. The critical
temperature Tc = 2/ ln(1 +

√
2).

To diagonalize this bond density matrix25

ρ(n) = U (n+1)Λ
(

U (n+1)
)†

, (15)

we can find its eigenpair, (Λ, U (n+1)). Same as in the den-
sity matrix renormalization group24, the eigenvalues of
this density matrix determine the probabilities of the cor-
responding eigenvectors in the virtual bond basis space.
By keeping the largest D eigenvalues of Λ and the cor-
responding eigenvectors of U (n+1), one can update the
local tensor T (n+1) using Eq. (10). After finishing this
forward iteration, we can take a backward iteration to up-
date all environment tensors with Eq. (13). This forward-
backward iteration is then repeated until all system and
environment tensors are converged.
Fig. 4 compares the relative errors of free energy with

respect to the rigorous solution26 for the 2D Ising model
obtained with four different methods. By keeping just
24 states, we find that the relative error of the HOTRG
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FIG. 5: (a) A HOTRG coarse graining step along the z-axis on
the cubic lattice. (b) Steps of contraction and renormalization
of two local tensors.

result is already less than 10−7 even at the critical tem-
perature, much more accurate than the TRG result7,8.
The HOSRG also performs better than the SRG. But the
difference in the results obtained by these two methods is
relatively small around the critical point. The HOTRG is
less accurate than the two SRGmethods, but it is compu-
tationally economic. The difference between TRG/SRG
and HOTRG/HOSRG lies mainly in the basis truncation
scheme. The former is based on the SVD, while the latter
is based on the HOSVD. The above comparison indicates
that the HOSVD scheme works better.

III. THREE-DIMENSIONAL SYSTEMS

The above HOTRG and HOSRG methods can be read-
ily extended to 3D. This is an advantage of the coarse
graining scheme proposed here. On the cubic lattice, a
full cycle of lattice contraction needs to be done in three
steps, along the x-axis, y-axis, and z-axis, respectively.
At each step, two neighboring tensors will be combined
to form a single coarse grained tensor and the lattice size
is reduced by a factor of 2.
As an example, Fig. 5 shows how the tensors are con-

tracted along the z-axis. The HOSVD of the coarse
grained local tensor (Fig. 5(b)) can be similarly done as
for the 2D case. But the local tensor now has six bond
indices and a HOSVD for a higher order tensor should be
done. Moreover, the basis spaces for both the x-axis and
y-axis bonds need to be renormalized. Thus we should
determine from the core tensor and the unitary matrices
of M (n) not only the transformation matrix for the x-

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]



<latexit sha1_base64="2ntYCAwZQ5d0Kn1LNkpBykNKhmo="></latexit>=<latexit sha1_base64="kD8IzqLg60O0jPrzpgjYklCNhUY="></latexit>x <latexit sha1_base64="vVYuVuo1RZj+UpoSe5DMmg4WwgA="></latexit>x+

<latexit sha1_base64="K3K+fMoizR+UA2y/AlCmqbS8n58="></latexit>y+

<latexit sha1_base64="bh3kAFfvUg4RzcaQ+3ya3gpAO58="></latexit>y

<latexit sha1_base64="dkAxcT4mrIaUKOMWHcIjv2cn//0="></latexit>

k
<latexit sha1_base64="khHu8QF03rjeP/qucUY5GHOypsw="></latexit>'

<latexit sha1_base64="bLkeKDYmeYHk6Q7AegCO6QrYefs="></latexit>

T

<latexit sha1_base64="f5U0GwziSKRnZtytbkfyB3b6PT0="></latexit>

U

<latexit sha1_base64="v8ZedX7gCw6qYuvUlGuOIaoKstg="></latexit>

V
<latexit sha1_base64="2ntYCAwZQ5d0Kn1LNkpBykNKhmo="></latexit>= ～～<latexit sha1_base64="Z6D/nJnnDkIpEWatEr7lAVflNA0="></latexit>

Ũ

<latexit sha1_base64="rTR5lkXjFAb2GnCAuz78hQjDSXk="></latexit>

Ṽ

～～
<latexit sha1_base64="C6KZgfMDKUYUDB9TrSjynCQtaTs="></latexit>

Ũ †
<latexit sha1_base64="Z6D/nJnnDkIpEWatEr7lAVflNA0="></latexit>

Ũ
<latexit sha1_base64="xvJDpy41YL/b/7GAUSFATuebOZc="></latexit>s

◉ Isometry rep. of simple TRG

◇ 単純なTRGのIsometryを使った説明

→ 周りくどいものの、全てのSVDを用いた近似をIsometryで
　考えられるのはシンプル。
　(SVDの打ち切りはIsometry演算と等価) 67

◇ 全てのTRGをIsometryで統一的に表記できる。

～～
<latexit sha1_base64="xvJDpy41YL/b/7GAUSFATuebOZc="></latexit>s

<latexit sha1_base64="bLkeKDYmeYHk6Q7AegCO6QrYefs="></latexit>

T

<latexit sha1_base64="x2gxmqUf3uuoYknstwo/3l64Htw="></latexit>

Ṽ

<latexit sha1_base64="7gm9Xs2lLubt3xHgjjMKBDvqAcc="></latexit>

Ṽ †
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→ 分解で計算量削減

SVD
近似

計算量削減
追加分解

打ち切りSVD

精度改善

近似範囲

+swap

◉ Anisotropic TRG (ATRG)

→ 全て局所的な縮約と分解の組み合わせで構成可能。
　組み合わせにすることで低階数テンソルの計算にする。
　近似範囲はHOTRGと似ているが、
　分解のたびに注目している範囲は違う。
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◉ Anisotropic TRG (ATRG)
2

T
<latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit>

T
<latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit>

T
<latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit>

T
<latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit><latexit sha1_base64="lR2NwgaBYtpIiFP3BpO/HAvRSRE="></latexit>

�
<latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit>

�
<latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit>

M
<latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit>M

<latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit><latexit sha1_base64="/4nLecoK5ya0b92fZy88H5/moko="></latexit>

(a)
<latexit sha1_base64="Cy2Wv74hGj6QIiUDzfho5RQiAas="></latexit><latexit sha1_base64="Cy2Wv74hGj6QIiUDzfho5RQiAas="></latexit><latexit sha1_base64="Cy2Wv74hGj6QIiUDzfho5RQiAas="></latexit><latexit sha1_base64="Cy2Wv74hGj6QIiUDzfho5RQiAas="></latexit>

(b)
<latexit sha1_base64="9cMCjxtEaXAHTo7FA7bnFrbS5CY="></latexit><latexit sha1_base64="9cMCjxtEaXAHTo7FA7bnFrbS5CY="></latexit><latexit sha1_base64="9cMCjxtEaXAHTo7FA7bnFrbS5CY="></latexit><latexit sha1_base64="9cMCjxtEaXAHTo7FA7bnFrbS5CY="></latexit>

(c)
<latexit sha1_base64="qgMZnqs8p3nIx8FcHHrdpi7CALM="></latexit><latexit sha1_base64="qgMZnqs8p3nIx8FcHHrdpi7CALM="></latexit><latexit sha1_base64="qgMZnqs8p3nIx8FcHHrdpi7CALM="></latexit><latexit sha1_base64="qgMZnqs8p3nIx8FcHHrdpi7CALM="></latexit>

(d)
<latexit sha1_base64="kWFFXC/jfDm69yLcpKHZxa/MB1Q="></latexit><latexit sha1_base64="kWFFXC/jfDm69yLcpKHZxa/MB1Q="></latexit><latexit sha1_base64="kWFFXC/jfDm69yLcpKHZxa/MB1Q="></latexit><latexit sha1_base64="kWFFXC/jfDm69yLcpKHZxa/MB1Q="></latexit>

(e)
<latexit sha1_base64="fRa3SvwF6bHR+b8BqMIT0TZqjXM="></latexit><latexit sha1_base64="fRa3SvwF6bHR+b8BqMIT0TZqjXM="></latexit><latexit sha1_base64="fRa3SvwF6bHR+b8BqMIT0TZqjXM="></latexit><latexit sha1_base64="fRa3SvwF6bHR+b8BqMIT0TZqjXM="></latexit>

(f)
<latexit sha1_base64="HOC0sZ4AYKK4dFFAej6guYcpvXg="></latexit><latexit sha1_base64="HOC0sZ4AYKK4dFFAej6guYcpvXg="></latexit><latexit sha1_base64="HOC0sZ4AYKK4dFFAej6guYcpvXg="></latexit><latexit sha1_base64="HOC0sZ4AYKK4dFFAej6guYcpvXg="></latexit>

T 0
<latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit>

T 0
<latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit><latexit sha1_base64="6rW04beX+daZve6mDHk01q2NiPc="></latexit>

G
<latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit>

H
<latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit>

G
<latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit><latexit sha1_base64="dQDKN9dzeVXrYz8MY0w47Zo9XYg="></latexit>

H
<latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit><latexit sha1_base64="DWUUxiJgjyg9DcTh03HWXyKffBk="></latexit>

E
<latexit sha1_base64="xcWTk9NnphIEcO/i5bEEUDVqNDM="></latexit><latexit sha1_base64="xcWTk9NnphIEcO/i5bEEUDVqNDM="></latexit><latexit sha1_base64="xcWTk9NnphIEcO/i5bEEUDVqNDM="></latexit><latexit sha1_base64="xcWTk9NnphIEcO/i5bEEUDVqNDM="></latexit>

F
<latexit sha1_base64="I29tkd6HXUbr6yh21i5eu2P278Y="></latexit><latexit sha1_base64="I29tkd6HXUbr6yh21i5eu2P278Y="></latexit><latexit sha1_base64="I29tkd6HXUbr6yh21i5eu2P278Y="></latexit><latexit sha1_base64="I29tkd6HXUbr6yh21i5eu2P278Y="></latexit>

�
<latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit><latexit sha1_base64="AFlNX/7Q7E1JZEPC7Fde2cmk4Xk="></latexit>

�
<latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit><latexit sha1_base64="6+NYB6BVwvZ67QWRD5Vrgh6qaog="></latexit>

y0
<latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit>

y0
<latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit>

y0
<latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit><latexit sha1_base64="R3K5lTKGYrX3+prlQG0CU2kR68o="></latexit>

y1
<latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit>

y1
<latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit>

y1
<latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit><latexit sha1_base64="CEc0OGvA9/BJjHqGzLjbNIVSptU="></latexit>

y2
<latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit>

y2
<latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit>

y2
<latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit><latexit sha1_base64="oTZCCSMCGyTL2IXM+BdTJMPmBw4="></latexit>

x0
<latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit>

x0
<latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit><latexit sha1_base64="JPUqx9Hpu54wLtb8y12EcqzTkcE="></latexit>

x1
<latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit>

x1
<latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit><latexit sha1_base64="SFq+WKJvtfjbngtuiAS/Kyw8iUQ="></latexit>

x2
<latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit>

x2
<latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit><latexit sha1_base64="85547WgV8+1df0Zqu4GHocbj9GM="></latexit>

x3
<latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit>

x3
<latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit><latexit sha1_base64="Azu7n1rFuJKuhP2H4DWsXp0Y654="></latexit>

x0
0

<latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit><latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit><latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit><latexit sha1_base64="8tsPJ7mx9NldVmiNcP7WMpoGlNg="></latexit>

x0
1

<latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit><latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit><latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit><latexit sha1_base64="/t/Ixogyxx5IZXf6VdIKKfUvWMs="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

A
<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit> A

<latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit><latexit sha1_base64="dRtC57+H4W/5P0SeSYlWI9pJZBI="></latexit>

B
<latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit>

B
<latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit><latexit sha1_base64="T2P5g7QCwwtXrot4ePPvws4bwME="></latexit>

C
<latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit>

C
<latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit><latexit sha1_base64="Yo3d1RJAHBls9WHrljXYVmf1wQc="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit> D

<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

X
<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit> X

<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit>

X
<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit>

X
<latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit><latexit sha1_base64="TxnY+7DdNGTbLwBqTjVjRSYO9wg="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

Y
<latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit><latexit sha1_base64="hivCqyYbH51N4cP8koosyQiYXfU="></latexit>

FIG. 1. Renormalization step of ATRG in y direction for the
two-dimensional square lattice model.

by including the singular matrix S in B and C, the error
of the final free energy is minimized. Such a construc-
tion gives us a better free energy than the equal weight
decomposition,

p
S, of the singular matrix into A and B

(or C and D).

Next, by using SVD, we swap the bond of B and
C [step (b) and (c) in FIG. 1]. In order to swap the
x1 bond of B and x2 bond of C, we define tensor M as

M↵�x1x2 =
X

y1

By1x1↵Cy1x2� , (6)

and, by SVD of M and truncating the singular values to
D, we define new X and Y as

M↵�x1x2 ⇡
DX

y1

S{M}y1y1
U{M}↵x2y1

V{M}�x1y1
, (7)

X↵x2y1 =
q

S{M}y1y1
U{M}↵x2y1

, (8)

Y�x1y1 =
q

S{M}y1y1
V{M}�x1y1

. (9)

Then, we renormalize the horizontal two bonds into
one by using projectors E and F [step (d) and (e) in
FIG. 1]. By applying projector E (F ) to A and X (Y
and D), we obtain new tensor G (H) as

Gy0y1x
0
0

=
X

↵,x0,x2

Ay0x0↵X↵x2y1Ex0x2x
0
0
, (10)

Hy1y2x
0
1

=
X

�,x1,x3

Dy2x3�Y�x1y1Fx1x3x
0
1
. (11)

Finally, a new renormalized tensor, T 0, is made from the
product of G and H as

T 0
y0y2x

0
0x

0
1

=
X

y1

Gy0y1x
0
0
Hy1y2x

0
1
, (12)

[step (f) in FIG. 1], which will be used as an input to the
next renormalization step in x direction.

As for the choice of projectors, E and F , there are
many possibilities. Here, we perform the projection in
the following way:

Qy0y1y2y3 =
X

x1x3↵�

Y�y1x1Dy2x3�Ay0x1↵X↵x3y3

⇡
DX

x
0
1

S{Q}x
0
1x

0
1
U{Q}y1y2x

0
1
V{Q}y0y3x

0
1
, (13)

Hy1y2x
0
1

=
q

S{Q}x
0
1x

0
1
U{Q}y1y2x

0
1
, (14)

Gy0y3x
0
1

=
q

S{Q}x
0
1x

0
1
V{Q}y0y3x

0
1
. (15)

Unlike the conventional HOTRG, the projectors are not
necessarily isometries. In addition, when we calculate
only the free energy, G and H can be directly obtained
through SVD as Eqs. (13)-(15). The explicit form of
the projectors is needed for calculating other physical
quantities, e.g., energy and magnetization.

The whole renormalization step described above can be
performed with computation cost of O(D5) and memory
footprint of O(D4) by performing the partial SVD using
the Arnoldi method or other techniques. The computa-
tion cost of ATRG is the same as TRG with partial or
randomized SVD [11].

Note that in step (a) of FIG. 1, there is the freedom
of choosing the bond used by A from two bonds in x di-
rection, x0 and x1. By choosing the pair of bonds used
for A0 in the following renormalization step properly, we
can skip SVD of T 0 by using G and H, and continue cal-
culation without additional truncation errors (FIG. 2).
If the bond geometry of A0 and B0 (or C 0 and D0) are
chosen so that they match the geometry of G and H,
respectively, there occur no truncation errors at the de-
composition of T 0. Note that explicit SVD of T 0 needs
computation cost of O(D5). This cost can be reduced
to O(D4) by performing SVDs of G and H, and taking
SVD of the intermediate 2-bond tensor, K, defined as
K = S{G}V

t

{G}U{H}S{H}.
One of the important di↵erences between ATRG and

HOTRG is that in ATRG, before applying the projec-
tors E and F , we construct X and Y from a low-rank
approximation of M , which is constructed from B and

[D. Adachi, T. Okubo, and S. Todo. arXiv:1906.02007]

◇ 追加の分解でテンソルの
　ランクを落とす

O(D4dim�1) ! O(D2dim+1)
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◉ Numerical costs for ATRG
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FIG. 5. Absolute error of the free energy density of the two-
dimensional Ising model at T = Tc as a function of bond di-
mension D calculated by TRG (black squares), HOTRG (blue
circles), and ATRG (red diamonds). Even though ATRG has
the same computation cost as TRG, it produces more accu-
rate results than TRG.
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FIG. 6. Absolute error of the free energy density of the two-
dimensional Ising model at T = Tc as a function of leading-
order computation time ⌧ [Eq. (16)] calculated by TRG (black
squares), HOTRG (blue circles), and ATRG (red diamonds).
ATRG achieves the most accurate results among the three
methods with fixed computation time.

D due to the di↵erence in order in computational cost
[Eq. (16)].

It should be mentioned that the present method suf-
fered from larger and nonmonotonic fluctuations in the
convergence of the error. This observed behavior is prob-
ably related to the two independent truncations in the
ATRG renormalization procedure. Because ATRG opti-
mizes only the local tensors in each truncation, increas-
ing D does not necessarily improve the accuracy of the
free energy, which is determined by the global tensor net-
work. The nonmonotonic convergence in ATRG should
be subjected to further investigation.

Next, we move to the three-dimensional Ising model
on a simple cubic lattice. In the three-dimensional case,
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FIG. 7. Free energy density of the three-dimensional Ising
model at T = Tc as a function of leading-order computation
time ⌧ [Eq. (17)] calculated by HOTRG (blue circles) and
ATRG (red diamonds). ATRG achieves much lower free en-
ergy than HOTRG with fixed computation time.

we compare ATRG with HOTRG. In FIG. 7, we show
the free energy density as a function of ⌧ at T = Tc =
4.5115 [2, 32–34]. Here, we again define the leading-order
computation time ⌧ for three dimensions as

⌧ =

(
D7 for ATRG

D11 for HOTRG.
(17)

In the present case, we calculate up to D = 32 (D = 18)
for ATRG (HOTRG). In FIG. 7, it is clearly demon-
strated again that the ATRG gives the better (lower)
free energy density than that of HOTRG for the same
leading-order computation time ⌧ . We expect that the
advantage of ATRG over HOTRG should be more pro-
nounced in higher dimensions.

In summary, we proposed the ATRG method that can
perform tensor renormalization operations with compu-
tation cost of O(D2d+1) and memory footprint of O(D2d)
in d dimensions. The computational cost of the pro-
posed method is much lower than that of the conventional
HOTRG, O(D4d�1), which enables us to apply the ten-
sor renormalization method in higher dimensions. Unlike
HOTRG, our algorithm involves the truncation of the
bond dimension by using SVD when we swap the bonds of
two tensors [step (b) and (c) in FIG. 1]. Due to the addi-
tional approximation, the accuracy in the final result de-
grades compared with HOTRG. However, this disadvan-
tage is compensated by the drastic reduction of the com-
putational cost from O(D4d�1) to O(D2d+1). We con-
firmed that for two- and three-dimensional Ising models
our method achieve higher accuracy than HOTRG with
fixed leading-order computational time. Since ATRG is
a real space renormalization method similar to HOTRG,
and preserves the lattice topology after the renormal-
ization, it can be applied to various lattice systems in
arbitrary dimensions

3
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FIG. 2. Reduction of SVD computation cost for the
two-dimensional square lattice model. Here, K =
S{G}V

t

{G}U{H}S{H}.

C [step (b) and (c) in FIG. 1]. In this low-rank approxi-
mation, the truncation from D2 to D happens, and thus
ATRG involves an additional approximation compared
with HOTRG.

One can easily generalize ATRG to systems in dimen-
sions higher than two. As an example, we illustrate the
renormalization step of ATRG in three dimensions in
FIG. 3. For general d-dimensional hypercubic lattice,
ATRG can renormalize tensors with computation cost of
O(D2d+1) and memory footprint of O(D2d).

It is naively expected that we have to perform SVD
with O(D2d+1) computation cost both for swapping
bonds [step (c)] and making projectors [step (d)]. How-
ever, the latter cost can be reduced to O(Dmax(d+3,7))
as shown in FIG. 4, where A, X, Y , and D in FIG. 1
are represented as three-bond tensors with bond dimen-
sions Dd�1, D, D. In FIG. 4, before making projectors,
SVD or the QR decomposition is performed for each ten-
sor. By introducing this preprocess, the cost of SVDs
for making projectors in step (d) and (e) in FIG. 3 is re-
duced to O(Dmax(d+3,7)), which means the cost of SVDs
for making projectors becomes subleading for d > 3.

We apply ATRG to the two- and three-dimensional
Ising models at the critical temperature. All axes are
renormalized 15 times alternately, i.e., the system con-
tains (215)d spins. First, we discuss the two-dimensional
Ising model on a square lattice. The free energy density
obtained by ATRG at T = Tc = 2/log(1 +

p
2) [31] is

shown in FIGs. 5 and 6. In FIG. 5, we plot the abso-
lute error of the free energy density as a function of bond
dimension D. We calculate up to D = 108 (D = 58)
for TRG and ATRG (HOTRG). For all D, the result of
ATRG is between those of TRG and HOTRG. Note that
ATRG has the same computation cost as TRG, while
the cost of HOTRG is higher. In order to investigate
the performance of ATRG more precisely, we compare
the D dependence of the error with fixed computation
time. For that purpose we introduce the leading-order
computation time ⌧ (dimensionless quantity) defined as

⌧ =

(
D5 for TRG and ATRG

D7 for HOTRG
(16)

based on their leading computation cost. In FIG. 6, we
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FIG. 3. Renormalization step of ATRG in z direction for
the three-dimensional simple cubic lattice model.
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D
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D
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<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="QnNTRTD74Ox1Gba7QC1sk13fkak="></latexit><latexit sha1_base64="Q+NuCktp8RVvJ63gEbIpLaM6oyY="></latexit><latexit sha1_base64="Q+NuCktp8RVvJ63gEbIpLaM6oyY="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
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<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="QnNTRTD74Ox1Gba7QC1sk13fkak="></latexit><latexit sha1_base64="Q+NuCktp8RVvJ63gEbIpLaM6oyY="></latexit><latexit sha1_base64="Q+NuCktp8RVvJ63gEbIpLaM6oyY="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="QnNTRTD74Ox1Gba7QC1sk13fkak="></latexit><latexit sha1_base64="Q+NuCktp8RVvJ63gEbIpLaM6oyY="></latexit><latexit sha1_base64="Q+NuCktp8RVvJ63gEbIpLaM6oyY="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
<latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="QnNTRTD74Ox1Gba7QC1sk13fkak="></latexit><latexit sha1_base64="Q+NuCktp8RVvJ63gEbIpLaM6oyY="></latexit><latexit sha1_base64="Q+NuCktp8RVvJ63gEbIpLaM6oyY="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit><latexit sha1_base64="3+BKbUphkmc/P2gy9Lbd5x4Itv8="></latexit>

D
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FIG. 4. Reduction of SVD cost in step (d) and (e) in FIG. 3
for d > 3.

plot the absolute error of the free energy density as a
function of ⌧ for the three methods. With fixed ⌧ , ATRG
shows the smallest error among the three methods. Note
that the partial SVD is the most expensive operation in
ATRG, while it is the contraction in HOTRG. In prac-
tice, the partial SVD takes much longer time than the
contraction, even when their computation costs are in the
same order. Thus, the actual performance di↵erence be-
tween ATRG and HOTRG is smaller than FIG. 6, though
ATRG becomes more and more advantageous for larger

[D. Adachi, T. Okubo, and S. Todo. arXiv:1906.02007]

→ 計算量のスケール仕方が削減できている。
　追加の分解における打ち切りで同じDでの精度は落ちる。
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SVD(Isometry)
近似

計算量削減
追加分解

打ち切りSVD

精度改善

近似範囲

+打ち切り縮約

◉ Triad TRG
→ 分解で計算量削減

→ HOTRGをTriad表現を基本として、
　一部を除いて(swapしない)、分解、縮約を局所的に行う

[D. Kadoh and K.N. arXiv:1912.02414]
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◉ ATRG
<latexit sha1_base64="NxvHxnlElNiFOpy1E7S4BvZL9/Y="></latexit>

A
<latexit sha1_base64="sMQJ9RDqBm67tcz7OiOLDl+TyX4="></latexit>

B

<latexit sha1_base64="Zqu8hR6A5UcFiLtloHgFhvolw+w="></latexit>

C
<latexit sha1_base64="wjZ8YyavEcicquQj0SMi8D5TCLU="></latexit>

D
<latexit sha1_base64="Dc4DcXouVKkN8EkkcpF+E4cIOaQ="></latexit>

E
<latexit sha1_base64="WcfgT6vP38lUIQT7yloQvc7r1GA="></latexit>

F

<latexit sha1_base64="5AWAq4c2M7WGZX1N2fW/me4I8Ac="></latexit>

D0
<latexit sha1_base64="sMsUr4ndw2oG/ohWOf+HniUkJt4="></latexit>

E0
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◉ Triad TRG
<latexit sha1_base64="Zqu8hR6A5UcFiLtloHgFhvolw+w="></latexit>

C
<latexit sha1_base64="wjZ8YyavEcicquQj0SMi8D5TCLU="></latexit>

D
<latexit sha1_base64="Dc4DcXouVKkN8EkkcpF+E4cIOaQ="></latexit>

E
<latexit sha1_base64="WcfgT6vP38lUIQT7yloQvc7r1GA="></latexit>

F

→ 2次元の場合はATRGの単純化(swapなし)にも見える。
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◉ Triad TRG
30

→ 3次元の場合は複雑。
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◉ Triad TRG



89

◉ Triad TRG
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◉ Triad TRG
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◉ Triad TRG



104

◉ Triad TRG



105

◉ Triad TRG
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◉ Triad TRG
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◉ Triad TRG
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◉ Triad TRG
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◉ Triad TRG
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◉ Triad RG
[D. Kadoh and K.N. arXiv:1912.02414]

4

Core i7 and Eigen for libraries of matrix decompositions,
and each computation ends in a few hours.

Numerical results are compared to those obtained from
the HOTRG and the ATRG. We employ an improved al-
gorithm of HOTRG with the RSVD, which is shown in
appendix ??, and the leading cost does not change. The
ATRG is implemented with RSVD and twice a larger in-
dex size 2D only for swapping step. Although several
improvements which do not change the leading cost are
studied, we only consider the ATRG without any other
improvement. In Tri-RG, an O(D5) isometry is pre-
pared with the RSVD. The computational cost strongly
depends on D, and those of HOTRG, ATRG, and Tri-RG
methods are theoretically O(D11), O(D7), and O(D6) in
three dimensions, respectively.

Figure 5 shows the D-dependence of the free energy.
The accessible D is different among the three meth-

FIG. 5. D-dependence of the free energy in 3d Ising model at
Tc.

ods. Roughly speaking, three results approach almost
the same converged value, which is expected to be the
true value, as D increases. This figure implies that the
error of Tri-RG is well-controlled for larger Ds, and the
results of Tri-RG are closest to the true value. We try to
extrapolate our result of Tri-RG by the function a+bD−c

with the fitting variables a, b, and c. The result in the
range 10 ≤ D ≤ 56 can be extrapolated to D → ∞
limit as a = −1.7546(1). Note that we confirm the sta-
bility of the fit by the difference from the fit in the range
20 ≤ D ≤ 56 for Tri-RG.

Figure 6 shows the free energy against the computa-
tional time. Since the true value at the large D limit lies
on near −1.7546, as Figure 5 implies, one can conclude
that the Tri-RG converges faster than the other methods.

In Figure 7, the running time is shown as a function
of D. The theoretical D-dependence, which is D2d+1 for
ATRG and Dd+3 for Tri-RG, is reproduced at a practical
level in three dimensions (d = 3). Thus we can consider
that the Tri-RG method will open a door to studying a
wide class of higher dimensional field theory with tensor
networks.

FIG. 6. Running time dependence of the free energy in 3d
Ising model at Tc.

FIG. 7. Running time against D in 3d Ising model at Tc.
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the HOTRG and the ATRG. We employ an improved al-
gorithm of HOTRG with the RSVD, which is shown in
appendix ??, and the leading cost does not change. The
ATRG is implemented with RSVD and twice a larger in-
dex size 2D only for swapping step. Although several
improvements which do not change the leading cost are
studied, we only consider the ATRG without any other
improvement. In Tri-RG, an O(D5) isometry is pre-
pared with the RSVD. The computational cost strongly
depends on D, and those of HOTRG, ATRG, and Tri-RG
methods are theoretically O(D11), O(D7), and O(D6) in
three dimensions, respectively.
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ods. Roughly speaking, three results approach almost
the same converged value, which is expected to be the
true value, as D increases. This figure implies that the
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results of Tri-RG are closest to the true value. We try to
extrapolate our result of Tri-RG by the function a+bD−c

with the fitting variables a, b, and c. The result in the
range 10 ≤ D ≤ 56 can be extrapolated to D → ∞
limit as a = −1.7546(1). Note that we confirm the sta-
bility of the fit by the difference from the fit in the range
20 ≤ D ≤ 56 for Tri-RG.

Figure 6 shows the free energy against the computa-
tional time. Since the true value at the large D limit lies
on near −1.7546, as Figure 5 implies, one can conclude
that the Tri-RG converges faster than the other methods.

In Figure 7, the running time is shown as a function
of D. The theoretical D-dependence, which is D2d+1 for
ATRG and Dd+3 for Tri-RG, is reproduced at a practical
level in three dimensions (d = 3). Thus we can consider
that the Tri-RG method will open a door to studying a
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◇ Triad rep. reduces the cost
O(D4dim�1) ! O(Ddim+3)

◇ 3-dim Ising

→ 計算量のスケール仕方が削減できている。
　追加の分解における打ち切りで同じDでの精度は落ちる。
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◉ Triad RG
[D. Kadoh and K.N. arXiv:1912.02414]
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◉ Free energy density of 3d-Ising model

(3d Ising)

[D. Kadoh, K.N. arXiv:1912.02414]

(3d Ising)
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FIG. 7. Absolute error of the free energy density of the two-
dimensional Ising model at T = Tc as a function of bond di-
mension � calculated by TRG (black squares), HOTRG (blue
circles), and ATRG (red diamonds). Even though ATRG has
the same computation cost as TRG, it produces more accu-
rate results than TRG.
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FIG. 8. Absolute error of the free energy density of the two-
dimensional Ising model at T = Tc as a function of leading-
order computation time ⌧ [Eq. (18)] calculated by TRG (black
squares), HOTRG (blue circles), and ATRG (red diamonds).
ATRG achieves the most accurate results among the three
methods with fixed computation time.

The nonmonotonic convergence in ATRG should be sub-
jected to further investigation.

Next, we move to the three-dimensional Ising model
on a simple cubic lattice. In the three-dimensional case,
we compare ATRG with HOTRG. In Fig. 9, we show
the free energy density as a function of ⌧ at T = Tc =
4.5115 [2, 35–37]. Here, we again define the leading-order
computation time ⌧ for three dimensions as

⌧ =

(
�7 for ATRG

�11 for HOTRG.
(19)

In the present case, we calculate up to � = 56 (� = 27)
for ATRG (HOTRG). In Fig. 9, it is clearly demonstrated
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FIG. 9. Free energy density of the three-dimensional Ising
model at T = Tc as a function of leading-order computation
time ⌧ [Eq. (19)] calculated by HOTRG (blue circles) and
ATRG (red diamonds). ATRG achieves much lower free en-
ergy than HOTRG with fixed computation time.

again that the ATRG gives the better (lower) free en-
ergy density than that of HOTRG for the same leading-
order computation time ⌧ . We expect that the advantage
of ATRG over HOTRG should be more pronounced in
higher dimensions.

V. SUMMARY

In the present paper, we proposed the ATRG method
that can perform tensor renormalization operations with
computation cost of O(�2d+1) and memory footprint of
O(�d+1) for d-dimensional hyper cubic lattices. The
computation cost and the memory footprint of the pro-
posed method are much lower than that of the con-
ventional HOTRG, O(�4d�1) and O(�2d), respectively,
which enables us to apply the tensor renormalization
method in higher dimensions. Unlike HOTRG, our al-
gorithm involves the truncation of the bond dimension
by using SVD when we swap the bonds of two ten-
sors. Due to this additional approximation, the accu-
racy in the final result degrades compared with HOTRG.
However, this disadvantage is compensated by the dras-
tic reduction of the computation cost from O(�4d�1)
to O(�2d+1). We confirmed that for two- and three-
dimensional Ising models our method achieve higher ac-
curacy than HOTRG with fixed leading-order computa-
tional time. Since ATRG is a real space renormaliza-
tion method similar to HOTRG, and preserves the lattice
topology after the renormalization, it can be applied to
various lattice systems in arbitrary dimensions

Finally, as we pointed out already, the partial SVD
is the most expensive operation in ATRG. The perfor-
mance of the partial SVD is thus essential in ATRG, and
development of more e�cient and stable partial SVD al-
gorithms is desired for future application of ATRG to

[D. Adachi, T.Okubo, S. Todo. arXiv:1906.02007]

→ 追加の分解は追加の系統誤差を与える
113
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◉ Motivation: 系統誤差の起源
◇ HOTRG

◇ Anisotropic TRG(ATRG)

◇ TriadTRG (TTRG)

系統誤差: 射影テンソル (Isometry)                     
<latexit sha1_base64="oIHxHyyFcRL8rSqOwCMrVG8GlgI="></latexit>

O(D4d�1)

系統誤差: (射影テンソル), 追加の分解, 乱拓SVD (R-SVD)

計算量:                 

計算量:                 
<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)

<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

系統誤差: 射影テンソル, 追加の分解, R-SVD
計算量:                 

→ HOTRGにRandomized-SVDを使うとどうなるのか？
→ 追加の分解からくる系統誤差を減らせないか？

:空間次元
:打ち切り添字サイズ

<latexit sha1_base64="wjZ8YyavEcicquQj0SMi8D5TCLU="></latexit>

D

<latexit sha1_base64="FDGaM2wBIrqAMiO7d2E9m/KSLwE="></latexit>

d

[D. Adachi, T.Okubo, S. Todo. arXiv:1906.02007]

[D. Kadoh, K.N. arXiv:1912.02414]

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]
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◉ Motivation: 系統誤差の起源
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d

[D. Adachi, T.Okubo, S. Todo. arXiv:1906.02007]

[D. Kadoh, K.N. arXiv:1912.02414]

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]



116

◉ HOTRG with R-SVD

◇ HOTRG

◇ ATRG

◇ TTRG

with R-SVD w/o R-SVD
<latexit sha1_base64="oIHxHyyFcRL8rSqOwCMrVG8GlgI="></latexit>

O(D4d�1)

<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)

<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

?

<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

<latexit sha1_base64="brEqaf0C5vpw3BM7yqVz/JVpxv0="></latexit>

O(Dd+4)

→ まずはHOTRGにR-SVDを適用してみる。
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HOTRG with randomized SVD
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◉ Higher-Order TRG (HOTRG)

◇ 射影テンソル　を用いた近似的縮約U

→      は　　のSVDから得る

SVD打ち切り: D2 ! D

O(D7)

射影テンソルの計算量:O(D6)

縮約の計算量:

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0
<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)
<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="oSTHNyHtFa7OQ1/JubBjfzAiUI8="></latexit>y2

<latexit sha1_base64="cCwLOpa5Jhfk23m0Dlca+GZzDPg="></latexit>

y01
<latexit sha1_base64="P0Tna+7LWk8xqwR7dCUg2J/ALVE="></latexit>

x0
1

<latexit sha1_base64="JXAa8dPmJt+7eaURE/zIuxX6uXI="></latexit>x1

<latexit sha1_base64="XBHErAmmqE9fIkFkfqM9n+w8QwA="></latexit>x2
<latexit sha1_base64="QY4omSExI+GLN42/8u/8+j22DkE="></latexit>

x0
2

<latexit sha1_base64="NuE548F8iCmEw1vezcU5HZeKZmM="></latexit>

ỹ
<latexit sha1_base64="NxvHxnlElNiFOpy1E7S4BvZL9/Y="></latexit>

A

<latexit sha1_base64="NxvHxnlElNiFOpy1E7S4BvZL9/Y="></latexit>

A

<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)
<latexit sha1_base64="cCwLOpa5Jhfk23m0Dlca+GZzDPg="></latexit>

y01

<latexit sha1_base64="oSTHNyHtFa7OQ1/JubBjfzAiUI8="></latexit>y2

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="NxvHxnlElNiFOpy1E7S4BvZL9/Y="></latexit>

A

<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)

<latexit sha1_base64="87NLiXmrtiGfT//zgfgbDXHNeFM="></latexit>

��t
<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="rf+Ogc36bsxCurig004tJzeOcSg="></latexit>

[��t][x1x2][xt
1x

t
2]
=

D2X

k=1

U (x)
[x1x2]k

�kU
(x)
[xt

1x
t
2]k

<latexit sha1_base64="pQHebU9HnUmalWnLlZHOQhiwyPw="></latexit>

�(AA) = AA ! A(next)

<latexit sha1_base64="WieLMuBIRAycihCKNshjfDrlICw="></latexit>

U tAAU = A(next)
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<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="eXY4dHqo2xn+IXydRqxG7uvU5bY="></latexit>

At

<latexit sha1_base64="eXY4dHqo2xn+IXydRqxG7uvU5bY="></latexit>

At

◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)
<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="4x7dcuRu/3cgKAbW3hPRQ1E57xk="></latexit>

�(A)

◇ Cost: 
<latexit sha1_base64="0Qcfw1lNZX7vbkVXipJKONFH1CA="></latexit>

O(D6) ! O(D6) ! O(D6)

◉ HOTRG: Isometry step
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<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG◉ HOTRG: Contraction step
40
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step



135

◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)

◇ Cost: 
<latexit sha1_base64="04KFxfWic7ecIK3iSccFXcmkc4s="></latexit>

O(D9) ! O(D11)

◉ HOTRG: Contraction step
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◉ Higher-Order TRG (HOTRG)

◇ なぜ今までHOTRGにR-SVDを適用してこなかったか?
[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

◇ HOTRGの支配的な計算量は縮約ステップ
◇ R-SVDはSVD(分解ステップ)の近似と考えられている

→ 分解の近似では縮約の近似を変えることはできない(?)

◇ R-SVDは縮約の近似としても利用できる

(この縮約近似手法自体はTriad TRGでも使われていた)

実際には…
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◉ 乱拓特異値分解(R-SVD)
[S. Morita, et al. arXiv:1712.01458]
[N. Halko, et al. arXiv:0909.4061]

◇ 直交行列　による近似的な縮約法
<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

◇ 　　　　　　　の特異値分解なら添字の数が減って早い                                      

A

BC

D
<latexit sha1_base64="u9WwOaloALBXKazxBVTq/ADLqSM="></latexit>

Q†<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

QA

BC

D
<latexit sha1_base64="fGPHkkSElI+cbDqEXu+j8RKUo6A="></latexit>'

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤
<latexit sha1_base64="+IJXmGMV81Ji9ldwg+U1EaARLPI="></latexit>=

<latexit sha1_base64="SLwc3VUs7PkF9qEIHn0fe2WWErQ="></latexit>

⇤ ⌘ Q†ABCD

◇  　の準備に乱数とQR分解を使う<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

A

BC

D
<latexit sha1_base64="8iZj0h+IGpmKGZufbmXDLNVaQXw="></latexit>

⌦
<latexit sha1_base64="zG4MavRTJ0SY0LecLLGF7crgmvk="></latexit>

⇥

Cont.     QR
decomp.

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q <latexit sha1_base64="T+vZAV2fHWYLm9aVEZZ8Y1sXlRk="></latexit>

R

◇ 乱数テンソル 　でサンプリングして近似している
<latexit sha1_base64="8iZj0h+IGpmKGZufbmXDLNVaQXw="></latexit>

⌦
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◉ HOTRG

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01
<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1

<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02 <latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A
<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

<latexit sha1_base64="Mzv9gUTGwayTQ4urlofwrYKZCuY="></latexit>

X̃

<latexit sha1_base64="Kzl7UP978GPXhHn5ndLDMIvUn10="></latexit>

Ỹ

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)

◇ 射影テンソル　との縮約
<latexit sha1_base64="RVziso5+hDYSqswm0ai5q/BLXyc="></latexit>

U

<latexit sha1_base64="veHoEi3qDlI4GHbaVfobKoUNPrs="></latexit>

O(D4d�1) ! O(D3d)

→ もっと減らせないか？

◇ 計算量削減

<latexit sha1_base64="rHDmi85YutVg0R6GjybmmvrjYyU="></latexit>

U tAAU

◉ HOTRG with R-SVD

◇ 射影テンソル   、　との縮約 
<latexit sha1_base64="RVziso5+hDYSqswm0ai5q/BLXyc="></latexit>

U
<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A
<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01
<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1

<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2
<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02 <latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="WVuJtvRjd1DbdPY507xx+1y/a2E="></latexit>

A(next)

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="ikiBkFYE5I3xx0nHYgAFi2WsELU="></latexit>

U (~y)tU (~x)tAAU (~x)U (~y) ! A(next)

<latexit sha1_base64="XiLyxLfTpo9RKDtd6nUGNB5DfiA="></latexit>

QQ†U (~y)tU (~x)tAAU (~x)U (~y) ' A(next)

[Z.Y. Xie, J. Chen, et al. arXiv:1201.1144]

                                            [K.N. arXiv:2307.14191]
[D. Kadoh, K.N. arXiv:1912.02414]
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<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step



150

◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step



153

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

◇ Cost: 
<latexit sha1_base64="ZC7wFD3d0g2IfAXHcAaEy7hwYqw="></latexit>

O(D9) ! O(D9)

◉ R-HOTRG: Contraction step
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計算量と系統誤差の削減



155

SVD(Isometry)
近似

計算量削減
追加分解

打ち切りSVD

精度改善

近似範囲

→ 分解で計算量削減を誤差なしで

広い近似範囲

◉ Minimally-decomposed TRG(MDTRG)

→ 全ての分解や縮約の近似範囲がHOTRGと一致。
　全ての分解や縮約の近似を外からIsometryを演算する形に。

HOTRGの精度のままで計算量だけ落としたい。



<latexit sha1_base64="D6CyJK81nddkr51iKMpU9sX8SSg="></latexit>

QQ
†
U

0(~y)t
U

0(~x)t
EFGHU

0(~x)
U

0(~y) = Q⇤ ' A
(next)
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◉ Minimally-decomposed TRG(MDTRG)

<latexit sha1_base64="Ryr0hPkJvdP9wxbtn8zpGR9F3iM="></latexit>y2
<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="/hiHyZuM77iD2AjLxZrVb7+MC2E="></latexit>e

<latexit sha1_base64="n2eZad1QF8yK1KOGd2QniB+UPeA="></latexit>g

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01

<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="c/AriGdz/N7F7Cld1yHuo0m+Klc="></latexit>x1
<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1

<latexit sha1_base64="BVrTQf/Z15pknugCAC88HUs+1r0="></latexit>

x0
2

<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="eviWp8Ha4ymgdScoBeavF/R2Vus="></latexit>

y02

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0

<latexit sha1_base64="Y3HN9h/kRjITi0Kms59Qmv+KfmM="></latexit>

U 0(~x)

<latexit sha1_base64="GU+5v4cmH9T7Q7NpAbo2MeVGBpI="></latexit>

U 0(~y)

<latexit sha1_base64="8fK4Wqkp+1Vn7Zqqc3fVzNYOCRQ="></latexit>

U 0(~y)t

<latexit sha1_base64="CtRDC4FCC9ojBQuQUziCEp4H+J8="></latexit>

U 0(~x)t
<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

→ 実は既にd+1本の添字のテンソル表現を　と　でしてる

<latexit sha1_base64="g/unx7fwadvwCmEZgDYSebITydk="></latexit>

O(D3d) ! O(D2d+1)

◇ 計算量削減

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="4mwrr1GtX5cALEJzUQJmI/k9enQ="></latexit>

EFGH = Q⇤Q⇤

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
<latexit sha1_base64="+IJXmGMV81Ji9ldwg+U1EaARLPI="></latexit>=

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="NwCfYxxbeQ4S0+g6oEJRFJtPNsk="></latexit>

A

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="+IJXmGMV81Ji9ldwg+U1EaARLPI="></latexit>=

A:2d本 E,F,G,H:d+1本 ,   :d+1本
<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q
<latexit sha1_base64="BhxRpL1SgCJIxXZ+ApngRw3d64Q="></latexit>

⇤

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†

<latexit sha1_base64="Mzv9gUTGwayTQ4urlofwrYKZCuY="></latexit>

X̃

<latexit sha1_base64="Kzl7UP978GPXhHn5ndLDMIvUn10="></latexit>

Ỹ

◇ AでなくEFGHを基本的な表現に。   

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

                                            [K.N. arXiv:2307.14191]



157

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†

<latexit sha1_base64="KPDeVK46Ic7cB62t4slNLa7G7Ng="></latexit>

U (~y)

<latexit sha1_base64="4HQUdsAB9o66DG+jT0YZXCvDo6k="></latexit>

U (~x)

<latexit sha1_base64="ePPLR41lfiixIHeOwJnDORNz+Co="></latexit>

U (~x)t

<latexit sha1_base64="TPf8cNgzr4MDlBFdPOQsa+Pzdl8="></latexit>

U (~y)t

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

◉ MDTRG: Contraction step



158

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step
50



159

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



160

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



161

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



162

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



163

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



164

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



165

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



166

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



167

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



168

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



169

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



170

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



171

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



172

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



173

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



174

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



175

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



176

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



177

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



178

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



179

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



180

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



181

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



182

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="5jMebkCarQG+SQK9cdykFghrvxA="></latexit>

O(D7) ! O(D6) ! O(D6) ! O(D6) ! O(D7) ! O(D6)

◉ MDTRG: Contraction step



◇ 　の分解で近似する

183

◉ Minimally-decomposed TRG on triad rep.

<latexit sha1_base64="F+vvzDccuuu0R/G1yeXPkltOhrM="></latexit>

O(D2d+1) ! O(Dd+3)
◇ 計算量削減

◇ MDTRGをTriad表現。注目してるunit-cell tensor network
                                  を特異値分解.

<latexit sha1_base64="cvJxyBoQPLnCcAc8UtQ36e4ZsKg="></latexit>

�(EFGH) = EFGH

<latexit sha1_base64="knhAvy8vJvUDlSHFc+9/5+buytA="></latexit>

I
<latexit sha1_base64="nFSgSs60RZQXvDVzPfBr4d/VPjA="></latexit>

J

<latexit sha1_base64="GH9B9jonEKMrCX6+yMl+sM42T54="></latexit>

K
<latexit sha1_base64="swszlVaQjuIP0luIc5Wpi4Nml2k="></latexit>

L

<latexit sha1_base64="AOJWRRqOALTwwljMWj0mB3bx+P4="></latexit>

M
<latexit sha1_base64="r79p01dgY0Ti71lvbo7mEVBxeNQ="></latexit>

N

<latexit sha1_base64="zW3Qg8Ayx8w3/fNH6cBOBeYlJoI="></latexit>

O
<latexit sha1_base64="I23w+BH2cbv1pguGpQST9aKxd+E="></latexit>

P

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃

◇ E,F,G,Hを個別に分解はしない
<latexit sha1_base64="RHxklwpaJCauHhMalka5OMVyyH8="></latexit>

E = U (0)s(0)V (0)

<latexit sha1_base64="87NLiXmrtiGfT//zgfgbDXHNeFM="></latexit>

��t

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E

<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G

<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="/hiHyZuM77iD2AjLxZrVb7+MC2E="></latexit>e

<latexit sha1_base64="ISFIIacLvsimNyE3cgBF7u5TQ/4="></latexit>

Et

<latexit sha1_base64="7MkgOIQruhFewynyFDYs1bH0vwA="></latexit>

F t

<latexit sha1_base64="zrY77aI8JseW46V6j3dM8okV8dc="></latexit>

Gt

<latexit sha1_base64="cL7E7OawWpMVlDs3Jpi5SY0qcyY="></latexit>

H
t

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01<latexit sha1_base64="0kStH8HcGhm6mNegXzLwd/szhFs="></latexit>

x0
1
t

<latexit sha1_base64="+gN82M1ZrrG7Ejgn/RFvHIKWsFM="></latexit>

y01
t

<latexit sha1_base64="HS3uCOf+4zjAkvyxLXKA12Ra4ic="></latexit>

et

<latexit sha1_base64="61kYC1kZhJMRQJI/g70AQz+hVG0="></latexit>

gt
<latexit sha1_base64="nWNv2Sz+4eKaSnmZA/q8LBiopEc="></latexit>g

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃
<latexit sha1_base64="K0Zbkawruay0y3WJ1pA3CTek8Ag="></latexit>

z̃t

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="kO70WW9l5vrlkX+rr4N4QRZFraw="></latexit>

U (P )U (P )t

<latexit sha1_base64="Z1ekf9THmghLcnqx4HZ5YoxnDAs="></latexit>

U (M)U (M)t

<latexit sha1_base64="Ye5jmDgSAwa3v6nIKm/i/oaoV0Q="></latexit>

U (L)U (L)t

<latexit sha1_base64="OMfWRMJ79BwFHL4mNKOZKKIDBy0="></latexit>

U (I)U (I)t

<latexit sha1_base64="E8wsvH9WSoKzgaYNWR/i63hVa5M="></latexit>

QQ
†
U

00(~y)t
U

00(~x)t
U

(LP )
U

(LP )t
EFGHU

(IM)
U

(IM)t
U

00(~x)
U

00(~y) = Q⇤ ' A
(next)

<latexit sha1_base64="Yrd5PgmGbDJURAc1U7r0SPdlPKg="></latexit>y1
<latexit sha1_base64="mvP9JFU0HqqCPd1+H3E649hYgfA="></latexit>x2

<latexit sha1_base64="2n7jzotekUaPhcxotbat1WlRPBk="></latexit>

U 00(~y)t

<latexit sha1_base64="oGgD7qoG4l4ugsA8WJU4Y4vPEIE="></latexit>

U 00(~x)t

<latexit sha1_base64="f60XDA6+m5jt/8UEKxh0xfHJCiU="></latexit>

U 00(~x)

<latexit sha1_base64="4LgoOf8HKD5t8Fzr6KU5R7wfMPY="></latexit>

U 00(~y)

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="kO70WW9l5vrlkX+rr4N4QRZFraw="></latexit>

U (P )U (P )t

<latexit sha1_base64="Z1ekf9THmghLcnqx4HZ5YoxnDAs="></latexit>

U (M)U (M)t

<latexit sha1_base64="Ye5jmDgSAwa3v6nIKm/i/oaoV0Q="></latexit>

U (L)U (L)t

<latexit sha1_base64="OMfWRMJ79BwFHL4mNKOZKKIDBy0="></latexit>

U (I)U (I)t

<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="21mFR7e9n4zK5DtVv9fgjhAMmTk="></latexit>

X 0

<latexit sha1_base64="oYb6pJ1mezE7B+qgPOtBeJblSZs="></latexit>

Y 0
<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="OCLLgce94NGXTPPDywoEzBCfn5Y="></latexit>!

<latexit sha1_base64="lx/zUXdPO3KTujrzlMn1W0hvSTw="></latexit>

Q†
<latexit sha1_base64="p9XeApoSVtUws7A4veMGKO519Kg="></latexit>

X

<latexit sha1_base64="KgNttTqLQdlouLv4UOYsWhxRf4M="></latexit>z2

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9hNtAjgfB77Y/lz9aFBfL+MDtPE="></latexit>

Y

<latexit sha1_base64="OMfWRMJ79BwFHL4mNKOZKKIDBy0="></latexit>

U (I)U (I)t

<latexit sha1_base64="F5QV0dyDLRnFOvQA3UkN3xmZ+qk="></latexit>

s(I)



184

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



185

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="ISFIIacLvsimNyE3cgBF7u5TQ/4="></latexit>

Et

<latexit sha1_base64="7MkgOIQruhFewynyFDYs1bH0vwA="></latexit>

F t

<latexit sha1_base64="zrY77aI8JseW46V6j3dM8okV8dc="></latexit>

Gt

<latexit sha1_base64="cL7E7OawWpMVlDs3Jpi5SY0qcyY="></latexit>

H
t

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



186

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



187

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



188

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



189

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



190

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



191

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



192

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



193

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



194

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



195

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



196

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



197

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



198

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



199

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step



200

<latexit sha1_base64="OMfWRMJ79BwFHL4mNKOZKKIDBy0="></latexit>

U (I)U (I)t

<latexit sha1_base64="4x7dcuRu/3cgKAbW3hPRQ1E57xk="></latexit>

�(A)

<latexit sha1_base64="zZSXYWwNWiv2mBCHXm291xsr3aE="></latexit>

O(D5) ! O(D5) ! O(D5) ! O(D6) ! O(D6)

◉ Triad-MDTRG: Isometry step
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<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="OMfWRMJ79BwFHL4mNKOZKKIDBy0="></latexit>

U (I)U (I)t

<latexit sha1_base64="kO70WW9l5vrlkX+rr4N4QRZFraw="></latexit>

U (P )U (P )t

<latexit sha1_base64="Z1ekf9THmghLcnqx4HZ5YoxnDAs="></latexit>

U (M)U (M)t

<latexit sha1_base64="Ye5jmDgSAwa3v6nIKm/i/oaoV0Q="></latexit>

U (L)U (L)t

◉ Triad-MDTRG: Contraction step
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◉ Triad-MDTRG: Contraction step
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◉ Triad-MDTRG: Contraction step



204

◉ Triad-MDTRG: Contraction step
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◉ Triad-MDTRG: Contraction step
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◉ Triad-MDTRG: Contraction step
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◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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<latexit sha1_base64="RVqNY4m2ED1ricojvwPkmqQpnoE="></latexit>

⇤

<latexit sha1_base64="Of1WiWF32QeaygUjl4ehRRlxgzI="></latexit>

Q

<latexit sha1_base64="9y8tztiZvFBf2JxIzb1plv//0ik="></latexit>

O(D6) ! O(D6) ! O(D5) ! O(D5) ! O(D5) ! O(D6)

◉ Triad-MDTRG: Contraction step
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◉ Isometry for unit-cell tensor

<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E

<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G

<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

<latexit sha1_base64="/hiHyZuM77iD2AjLxZrVb7+MC2E="></latexit>e

<latexit sha1_base64="ISFIIacLvsimNyE3cgBF7u5TQ/4="></latexit>

Et

<latexit sha1_base64="7MkgOIQruhFewynyFDYs1bH0vwA="></latexit>

F t

<latexit sha1_base64="zrY77aI8JseW46V6j3dM8okV8dc="></latexit>

Gt

<latexit sha1_base64="cL7E7OawWpMVlDs3Jpi5SY0qcyY="></latexit>

H
t

<latexit sha1_base64="lIYQem+7LOHXebj8jdMUuv1bSrA="></latexit>

x0
1

<latexit sha1_base64="OrilWzjGH/0kdIWaqe5MsQR/Bng="></latexit>

y01<latexit sha1_base64="6oiybe0bNtnwt/yx/vR68jrfYUA="></latexit>

z01

<latexit sha1_base64="AY4kTPrdhnJgDPVAOUbyiGfz3WE="></latexit>

�(EFGH)�(EFGH)t =

<latexit sha1_base64="0kStH8HcGhm6mNegXzLwd/szhFs="></latexit>

x0
1
t

<latexit sha1_base64="+gN82M1ZrrG7Ejgn/RFvHIKWsFM="></latexit>

y01
t

<latexit sha1_base64="HS3uCOf+4zjAkvyxLXKA12Ra4ic="></latexit>

et

<latexit sha1_base64="61kYC1kZhJMRQJI/g70AQz+hVG0="></latexit>

gt
<latexit sha1_base64="nWNv2Sz+4eKaSnmZA/q8LBiopEc="></latexit>g

<latexit sha1_base64="XSke23XENWs2iwIVHhpO8helhoM="></latexit>

z̃
<latexit sha1_base64="K0Zbkawruay0y3WJ1pA3CTek8Ag="></latexit>

z̃t

→ より広い範囲の近似は系統誤差を減らす

<latexit sha1_base64="r/oCF7nm4JbwyF02maR80FNOD5s="></latexit>

D = 10
(3d Ising)

<latexit sha1_base64="87NLiXmrtiGfT//zgfgbDXHNeFM="></latexit>

��t

<latexit sha1_base64="i1wdypBmRhGEmPjfe2lxemZnBpg="></latexit>

E,F

<latexit sha1_base64="5nakIeo+FoXFWL8qxHEFNA+tZWw="></latexit>

r = 6



225

◉ 乱拓特異値分解を用いた比較

◇ HOTRG

◇ ATRG

◇ TTRG

with R-SVD w/o R-SVD
<latexit sha1_base64="oIHxHyyFcRL8rSqOwCMrVG8GlgI="></latexit>

O(D4d�1)
<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)

<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

<latexit sha1_base64="brEqaf0C5vpw3BM7yqVz/JVpxv0="></latexit>

O(Dd+4)

<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

◇ MDTRG
<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

◇ Triad-MDTRG
<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

各テンソルの足数
<latexit sha1_base64="dWJlh2WZyhHJMQ6avmJ/ieYaq08="></latexit>

2d

<latexit sha1_base64="dWJlh2WZyhHJMQ6avmJ/ieYaq08="></latexit>

2d

<latexit sha1_base64="wnLHuLVC9SJgG1Zhn2h4frlKdMk="></latexit>

d+ 1

<latexit sha1_base64="wnLHuLVC9SJgG1Zhn2h4frlKdMk="></latexit>

d+ 1

<latexit sha1_base64="oUAXKuCOpLJ0J/kf5DFt0n4tYz0="></latexit>

3

→ 計算量は他の手法と同等にまで削減。系統誤差を見ていく

<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)
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◉ 内線オーバーサンプリング
<latexit sha1_base64="8aK7o7HpzhYxfEjsx+GwyJQ6Djo="></latexit>

E
<latexit sha1_base64="JQaahgTzx+YoZG+m0vf2ayYAsFs="></latexit>

F

<latexit sha1_base64="kL+N2X/rjJ7JZUlVs5UJO7sHCes="></latexit>

G
<latexit sha1_base64="b9Ptn/LL5YPXGwvIufESHwiHqSs="></latexit>

H

→ 内線(点線) をオーバーサンプリング
しないとHOTRGと同じ精度へ収束しない

(3d Ising)

<latexit sha1_base64="sdwfLb/whsCiHJ8eOvgmUQyqd+Q="></latexit>

(D ! rD)
<latexit sha1_base64="bVEOSHwwPtIEoFtPJZwOaop/xxA="></latexit>

(r = Const.)

(Oversampled)

(No Oversampling)



→ R-HOTRG, MDTRG, Triad-MDTRGはHOTRGに収束 
    (追加の分解の誤差は全て支配的でない).

◉ 3d-イジング模型でのテスト

(3d Ising)



(3d Ising)

[D. Kadoh, K.N. arXiv:1912.02414]

(3d Ising) (3d Ising)

                                            [K.N. arXiv:2307.14191]

(3d Ising)

→ R-HOTRG, MDTRG, Triad-MDTRGはHOTRGに収束 
    (追加の分解の誤差は全て支配的でない).

◉ 3d-イジング模型でのテスト
60
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<latexit sha1_base64="wjZ8YyavEcicquQj0SMi8D5TCLU="></latexit>

D

(3d Ising)

◉ 打ち切り添字サイズ　でのスケーリング

→ 想定通りのスケーリング
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◉ まとめ
◇ HOTRGにRandomized-SVDを使うとどうなるのか？

→ R-HOTRG,  MDTRG, Triad-MDTRGはHOTRGと同精度。
支配的な系統誤差はどれもIsometryの打ち切りのみから。 
Key ideas(MDTRG以外にも応用可能): 
　内線オーバーサンプリング unit-cellテンソルのIsometry

◇ 追加の分解からくる系統誤差を減らせないか？

◇ HOTRG
<latexit sha1_base64="oIHxHyyFcRL8rSqOwCMrVG8GlgI="></latexit>

O(D4d�1)
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

◇ MDTRG
<latexit sha1_base64="LCRtKig/wTQNZayw6YoMFyj6Zac="></latexit>

O(D2d+1)
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

◇ Triad-MDTRG
<latexit sha1_base64="jsRnmzg+8VduVn7Uf6YM9axe1XA="></latexit>

O(Dd+3)

<latexit sha1_base64="dWJlh2WZyhHJMQ6avmJ/ieYaq08="></latexit>

2d

<latexit sha1_base64="wnLHuLVC9SJgG1Zhn2h4frlKdMk="></latexit>

d+ 1

<latexit sha1_base64="wnLHuLVC9SJgG1Zhn2h4frlKdMk="></latexit>

d+ 1
<latexit sha1_base64="+dYSh6MHpr5+a3IToFoyJoGFAX8="></latexit>

O(D3d)

with R-SVD w/o R-SVD 各テンソルの足数

70


