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テンソルネットワーク状態による量子多体系の表現



多体問題と統計力学：磁性体の例

例1： （古典）イジング模型 無秩序強磁性相  
（±zに揃う）

（量子）スピン模型：
相互作用するスピン自由度が 
格子上に存在している

温度を変えると相転移

例2： 横磁場イジング模型

絶対零度でΓを変えると相転移

：スピン演算子

(T > Tc) (Γ >Γc)

• どんな相があるか？ 
• 長距離秩序、トポロジカル秩序、… 

• それらを分ける相転移の性質は？

物性物理の研究対象の一つ
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磁性体の多様な物理の源：フラストレーション
複数の最適化条件を同時に満たせない状態 
あちらを立てればこちらが立たず

磁性体におけるフラストレーション
最適化条件：エネルギーを最小にしたい

局所的なエネルギー最小：各ペアでスピンを反平行
反強磁性

＊イジングスピン

全ての辺で同時にスピン
を反平行に出来ない
ゆらぎの増大！

?

• 大規模な縮重により絶対零度でも磁気秩序なし 
• 弱い摂動による新奇秩序の創出 
• 量子揺らぎによるスピン液体の安定化 
• 隠れた秩序、トポロジー
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order and/or freezing is observed, by using NMR spectroscopy, at T < 1 K 
(ref. 56). More over, recent experiments show that this compound has a 
complex series of low-temperature phases in an applied magnetic field56. 
Given the exceptionally high purity of Cu3V2O7(OH)2•2H2O, an expla-
nation of its phase diagram should be a clear theoretical goal. 

Theoretical interpretations
I now turn to the theoretical evidence for QSLs in these systems and 
how the experiments can be reconciled with theory. Theorists have 
attempted to construct microscopic models for these materials (Box 2) 
and to determine whether they support QSL ground states. In the case 
of the organic compounds, these are Hubbard models, which account 
for significant charge fluctuations. For the kagomé materials, a Heisen-
berg model description is probably ap propriate. There is general theo-
retical agreement that the Hubbard model for a triangular lattice has 
a QSL ground state for intermediate-strength Hubbard repulsion near 
the Mott transition57–59. On the kagomé lattice, the Heisenberg model 
is expected to have a non-magnetic ground state as a result of frus-
tration60. Recently, there has been growing theoretical support for the 
conjecture that the ground state is, however, not a QSL but a VBS with 
a large, 36-site, unit cell61,62. However, all approaches indicate that many 
competing states exist, and these states have extremely small energy dif-
ferences from this VBS state. Thus, the ‘real’ ground state in the kagomé 
materials is proba bly strongly perturbed by spin–orbit coupling, dis-
order, further-neighbour interactions and so on63. A similar situation 
applies to the hyperkagomé lattice of Na4Ir3O8 (ref. 64).

These models are difficult to connect directly, and in detail, to 
experi ments, which mainly measure low-energy properties at low tem-
peratures. Instead, attempts to reconcile theory and experiment in detail 
have re lied on more phenomenological low-energy effective theories 
of QSLs. Such effective theories are similar in spirit to the Fermi liquid 
theory of interacting metals: they propose that the ground state has a 
certain structure and a set of elementary excitations that are consistent 
with this structure. In contrast to the Fermi liquid case, however, the 
elementary excitations consist of spinons and other exotic par ticles, 
which are coupled by gauge fields. A theory of this type — that is, pro-
posing a ‘spinon Fermi surface’ coupled to a U(1) gauge field — has 
had some success in explaining data from experiments on κ-(BEDT-
TTF)2Cu2(CN)3 (refs 65, 66). Related theories have been proposed for 
ZnCu3(OH)6Cl2 (ref. 67) and Na4Ir3O8 (ref. 68). However, comparisons 

for these materials are much more limited. In all cases, the comparison 
of theory with experiment has, so far, been indirect. I return to this 
problem in the subsection ‘The smoking gun for QSLs’.

Unexpected findings
In the course of a search as difficult as the one for QSLs, it is natural for 
there to be false starts. In several cases, researchers uncovered other 
interesting physical phenomena in quantum magnetism.

Dimensional reduction in Cs2CuCl4
Cs2CuCl4 is a spin-½ antiferromagnet on a moderately anisotropic 
trian gular lattice69,70. It shows only intermediate frustration, with f ≈ 8, 
ordering into a spiral Néel state at TN = 0.6 K. However, neutron-scat-
tering results for this compound reported by Coldea and colleagues 
suggested that exotic physical phenomena were occurring69,70. These 
experiments measure the type of excitation that is created when a neu-
tron interacts with a solid and flips an electron spin. In normal mag-
nets, this creates a magnon and, correspondingly, a sharp resonance is 
observed when the energy and momentum transfer of the neutron equal 
that of the magnon. In Cs2CuCl4, this resonance is extremely small. 
Instead, a broad scattering feature is mostly observed. The interpreta-
tion of this result is that the neutron’s spin flip creates a pair of spinons, 
which divide the neutron’s en ergy and momentum between them. The 
spinons were suggested to arise from an underlying 2D QSL state.

A nagging doubt with respect to this picture was the striking similar-
ity between some of the spectra in the experiment and those of a 1D 
spin chain, in which 1D spinons indeed exist71. In fact, in Cs2CuCl4 the 
exchange energy along one ‘chain’ direction is three times greater than 
along the diagonal bonds between chains (that is, Jʹ ≈ J/3 in Fig. 1a). 
Experimentally, however, the presence of substantial transverse disper-
sion (that is, dependence of the neutron peak on momentum perpendic-
ular to the chain axis in Cs2CuCl4), and the strong influence of interchain 
coupling on the magnetization curve, M(H), seemed to rule out a 1D 
origin, despite an early theoretical suggestion72.

In the past few years, it has become clear that discarding the idea of 
1D physics was premature73,74. It turns out that although the interchain 
coupling is substantial, and thus affects the M(H) curve significantly, 
the frustration markedly reduces interchain correlations in the ground 
state. As a result, the elementary excitations of the system are simi-
lar to those of 1D chains, with one important exception. Because the 

Figure 3 | Valence-bond states of frustrated antiferromagnets. In a VBS 
state (a), a specific pattern of entangled pairs of spins — the valence bonds 
— is formed. Entangled pairs are indicated by ovals that cover two points 
on the triangular lattice. By contrast, in a RVB state, the wavefunction is a 

superposition of many different pairings of spins. The valence bonds may 
be short range (b) or long range (c). Spins in longer-range valence bonds 
(the longer, the lighter the colour) are less tightly bound and are therefore 
more easily excited into a state with non-zero spin. 
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order and/or freezing is observed, by using NMR spectroscopy, at T < 1 K 
(ref. 56). More over, recent experiments show that this compound has a 
complex series of low-temperature phases in an applied magnetic field56. 
Given the exceptionally high purity of Cu3V2O7(OH)2•2H2O, an expla-
nation of its phase diagram should be a clear theoretical goal. 

Theoretical interpretations
I now turn to the theoretical evidence for QSLs in these systems and 
how the experiments can be reconciled with theory. Theorists have 
attempted to construct microscopic models for these materials (Box 2) 
and to determine whether they support QSL ground states. In the case 
of the organic compounds, these are Hubbard models, which account 
for significant charge fluctuations. For the kagomé materials, a Heisen-
berg model description is probably ap propriate. There is general theo-
retical agreement that the Hubbard model for a triangular lattice has 
a QSL ground state for intermediate-strength Hubbard repulsion near 
the Mott transition57–59. On the kagomé lattice, the Heisenberg model 
is expected to have a non-magnetic ground state as a result of frus-
tration60. Recently, there has been growing theoretical support for the 
conjecture that the ground state is, however, not a QSL but a VBS with 
a large, 36-site, unit cell61,62. However, all approaches indicate that many 
competing states exist, and these states have extremely small energy dif-
ferences from this VBS state. Thus, the ‘real’ ground state in the kagomé 
materials is proba bly strongly perturbed by spin–orbit coupling, dis-
order, further-neighbour interactions and so on63. A similar situation 
applies to the hyperkagomé lattice of Na4Ir3O8 (ref. 64).

These models are difficult to connect directly, and in detail, to 
experi ments, which mainly measure low-energy properties at low tem-
peratures. Instead, attempts to reconcile theory and experiment in detail 
have re lied on more phenomenological low-energy effective theories 
of QSLs. Such effective theories are similar in spirit to the Fermi liquid 
theory of interacting metals: they propose that the ground state has a 
certain structure and a set of elementary excitations that are consistent 
with this structure. In contrast to the Fermi liquid case, however, the 
elementary excitations consist of spinons and other exotic par ticles, 
which are coupled by gauge fields. A theory of this type — that is, pro-
posing a ‘spinon Fermi surface’ coupled to a U(1) gauge field — has 
had some success in explaining data from experiments on κ-(BEDT-
TTF)2Cu2(CN)3 (refs 65, 66). Related theories have been proposed for 
ZnCu3(OH)6Cl2 (ref. 67) and Na4Ir3O8 (ref. 68). However, comparisons 

for these materials are much more limited. In all cases, the comparison 
of theory with experiment has, so far, been indirect. I return to this 
problem in the subsection ‘The smoking gun for QSLs’.

Unexpected findings
In the course of a search as difficult as the one for QSLs, it is natural for 
there to be false starts. In several cases, researchers uncovered other 
interesting physical phenomena in quantum magnetism.

Dimensional reduction in Cs2CuCl4
Cs2CuCl4 is a spin-½ antiferromagnet on a moderately anisotropic 
trian gular lattice69,70. It shows only intermediate frustration, with f ≈ 8, 
ordering into a spiral Néel state at TN = 0.6 K. However, neutron-scat-
tering results for this compound reported by Coldea and colleagues 
suggested that exotic physical phenomena were occurring69,70. These 
experiments measure the type of excitation that is created when a neu-
tron interacts with a solid and flips an electron spin. In normal mag-
nets, this creates a magnon and, correspondingly, a sharp resonance is 
observed when the energy and momentum transfer of the neutron equal 
that of the magnon. In Cs2CuCl4, this resonance is extremely small. 
Instead, a broad scattering feature is mostly observed. The interpreta-
tion of this result is that the neutron’s spin flip creates a pair of spinons, 
which divide the neutron’s en ergy and momentum between them. The 
spinons were suggested to arise from an underlying 2D QSL state.

A nagging doubt with respect to this picture was the striking similar-
ity between some of the spectra in the experiment and those of a 1D 
spin chain, in which 1D spinons indeed exist71. In fact, in Cs2CuCl4 the 
exchange energy along one ‘chain’ direction is three times greater than 
along the diagonal bonds between chains (that is, Jʹ ≈ J/3 in Fig. 1a). 
Experimentally, however, the presence of substantial transverse disper-
sion (that is, dependence of the neutron peak on momentum perpendic-
ular to the chain axis in Cs2CuCl4), and the strong influence of interchain 
coupling on the magnetization curve, M(H), seemed to rule out a 1D 
origin, despite an early theoretical suggestion72.

In the past few years, it has become clear that discarding the idea of 
1D physics was premature73,74. It turns out that although the interchain 
coupling is substantial, and thus affects the M(H) curve significantly, 
the frustration markedly reduces interchain correlations in the ground 
state. As a result, the elementary excitations of the system are simi-
lar to those of 1D chains, with one important exception. Because the 
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問い（研究対象） 
• 新奇な状態がどうやって安定化するか？ 

• 相転移の性質？重要な相互作用は？ 
• 新規な状態はどう特徴づけられるか？ 

• トポロジー、隠れた秩序の探索 
→大規模（～アボガドロ数）な数値計算が必要！



量子多体系と解析の困難

：スピン演算子

量子スピン模型 のフラストレーション
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order and/or freezing is observed, by using NMR spectroscopy, at T < 1 K 
(ref. 56). More over, recent experiments show that this compound has a 
complex series of low-temperature phases in an applied magnetic field56. 
Given the exceptionally high purity of Cu3V2O7(OH)2•2H2O, an expla-
nation of its phase diagram should be a clear theoretical goal. 

Theoretical interpretations
I now turn to the theoretical evidence for QSLs in these systems and 
how the experiments can be reconciled with theory. Theorists have 
attempted to construct microscopic models for these materials (Box 2) 
and to determine whether they support QSL ground states. In the case 
of the organic compounds, these are Hubbard models, which account 
for significant charge fluctuations. For the kagomé materials, a Heisen-
berg model description is probably ap propriate. There is general theo-
retical agreement that the Hubbard model for a triangular lattice has 
a QSL ground state for intermediate-strength Hubbard repulsion near 
the Mott transition57–59. On the kagomé lattice, the Heisenberg model 
is expected to have a non-magnetic ground state as a result of frus-
tration60. Recently, there has been growing theoretical support for the 
conjecture that the ground state is, however, not a QSL but a VBS with 
a large, 36-site, unit cell61,62. However, all approaches indicate that many 
competing states exist, and these states have extremely small energy dif-
ferences from this VBS state. Thus, the ‘real’ ground state in the kagomé 
materials is proba bly strongly perturbed by spin–orbit coupling, dis-
order, further-neighbour interactions and so on63. A similar situation 
applies to the hyperkagomé lattice of Na4Ir3O8 (ref. 64).

These models are difficult to connect directly, and in detail, to 
experi ments, which mainly measure low-energy properties at low tem-
peratures. Instead, attempts to reconcile theory and experiment in detail 
have re lied on more phenomenological low-energy effective theories 
of QSLs. Such effective theories are similar in spirit to the Fermi liquid 
theory of interacting metals: they propose that the ground state has a 
certain structure and a set of elementary excitations that are consistent 
with this structure. In contrast to the Fermi liquid case, however, the 
elementary excitations consist of spinons and other exotic par ticles, 
which are coupled by gauge fields. A theory of this type — that is, pro-
posing a ‘spinon Fermi surface’ coupled to a U(1) gauge field — has 
had some success in explaining data from experiments on κ-(BEDT-
TTF)2Cu2(CN)3 (refs 65, 66). Related theories have been proposed for 
ZnCu3(OH)6Cl2 (ref. 67) and Na4Ir3O8 (ref. 68). However, comparisons 

for these materials are much more limited. In all cases, the comparison 
of theory with experiment has, so far, been indirect. I return to this 
problem in the subsection ‘The smoking gun for QSLs’.

Unexpected findings
In the course of a search as difficult as the one for QSLs, it is natural for 
there to be false starts. In several cases, researchers uncovered other 
interesting physical phenomena in quantum magnetism.

Dimensional reduction in Cs2CuCl4
Cs2CuCl4 is a spin-½ antiferromagnet on a moderately anisotropic 
trian gular lattice69,70. It shows only intermediate frustration, with f ≈ 8, 
ordering into a spiral Néel state at TN = 0.6 K. However, neutron-scat-
tering results for this compound reported by Coldea and colleagues 
suggested that exotic physical phenomena were occurring69,70. These 
experiments measure the type of excitation that is created when a neu-
tron interacts with a solid and flips an electron spin. In normal mag-
nets, this creates a magnon and, correspondingly, a sharp resonance is 
observed when the energy and momentum transfer of the neutron equal 
that of the magnon. In Cs2CuCl4, this resonance is extremely small. 
Instead, a broad scattering feature is mostly observed. The interpreta-
tion of this result is that the neutron’s spin flip creates a pair of spinons, 
which divide the neutron’s en ergy and momentum between them. The 
spinons were suggested to arise from an underlying 2D QSL state.

A nagging doubt with respect to this picture was the striking similar-
ity between some of the spectra in the experiment and those of a 1D 
spin chain, in which 1D spinons indeed exist71. In fact, in Cs2CuCl4 the 
exchange energy along one ‘chain’ direction is three times greater than 
along the diagonal bonds between chains (that is, Jʹ ≈ J/3 in Fig. 1a). 
Experimentally, however, the presence of substantial transverse disper-
sion (that is, dependence of the neutron peak on momentum perpendic-
ular to the chain axis in Cs2CuCl4), and the strong influence of interchain 
coupling on the magnetization curve, M(H), seemed to rule out a 1D 
origin, despite an early theoretical suggestion72.

In the past few years, it has become clear that discarding the idea of 
1D physics was premature73,74. It turns out that although the interchain 
coupling is substantial, and thus affects the M(H) curve significantly, 
the frustration markedly reduces interchain correlations in the ground 
state. As a result, the elementary excitations of the system are simi-
lar to those of 1D chains, with one important exception. Because the 

Figure 3 | Valence-bond states of frustrated antiferromagnets. In a VBS 
state (a), a specific pattern of entangled pairs of spins — the valence bonds 
— is formed. Entangled pairs are indicated by ovals that cover two points 
on the triangular lattice. By contrast, in a RVB state, the wavefunction is a 

superposition of many different pairings of spins. The valence bonds may 
be short range (b) or long range (c). Spins in longer-range valence bonds 
(the longer, the lighter the colour) are less tightly bound and are therefore 
more easily excited into a state with non-zero spin. 
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スピン液体
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非磁性状態の安定化？

どう解析する？
シュレディンガー方程式：

N個のS=1/2量子スピンの場合
：2N × 2Nの行列
：2N次元のベクトル

• ベクトル空間の次元はスピン数に対して指数関数的に大きい 
• 量子多体問題～「巨大な行列」の固有値問題 
• フラストレーションがあると、モンテカルロ法は精度が出ない（符号問題）

（古典）コンピュータで量子多体問題を厳密に解くには、 
膨大なメモリと膨大な計算時間が必要



テンソルネットワークによる情報圧縮
指数関数的に大きな状態空間を全て扱うことは不可能

実効的な次元を減らしたい

情報のエンタングルメントに注目することで、 
適切な部分空間を構成

テンソルネットワーク状態：

ヒルベルト空間

部分空間

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

テンソルネットワーク分解

量子エンタングルメ
ントの構造を利用

一般の量子状態



量子多体状態のテンソルネットワーク表現
量子多体状態：

<latexit sha1_base64="XkC8uXv0uT1Qilx+79HHlBouX2k="></latexit>

量子多体状態 (a)

小さいテンソルに分解

(b) (c)
PEPS, TPS (for 2d system)

基底
量子スピン・bit：

量子化学：
i = 原子軌道・分子軌道の占有数

係数はテンソル

~eNの独立要素

テンソルネットワーク分解

エンタングルメント 
構造を利用した近似

~O(N)の独立要素

良いネットワーク？ = 量子的な相関を適切に捉えているもの
量子相関が小さい：
量子相関が大きい：

（直積状態）
（ベル状態）



良いネットワークの選び方： 
エンタングルメントエントロピーの面積則

一般の状態ベクトル：

A

B

L
EE は 部分系の体積（スピン数）に比例

基底状態ベクトル：
多くの低エネルギー状態では, EE は面積に比例

A B

J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys, 277, 82 (2010)

自然界に現れる量子状態は広大なヒルベルト空間のうち 
面積則を満たす小さな空間内にいる！

（c.f. ランダムベクトル）

エンタングルメントエントロピー（EE）：
部分系の縮約密度行列:

EE= ρA のvon Neumann エントロピー



テンソル積状態（TPS）：面積則を満たすTNS

PEPS (Projected Entangled-Pair State)
(F. Verstraete and J. Cirac, arXiv:cond-mat/0407066)

(AKLT, T. Nishino, K. Okunishi, …) TPS (Tensor Product State)

例：2次元正方格子のTPS
4+1 階のテンソルが敷き詰められたネットワーク
局所自由度：s

Virtual自由度：i, j, k, l

各インデックスの次元＝ボンド次元（D）
変分波動関数としての精度に関係するパラメタ （D→∞で厳密に）

TPSを変分波動関数とする変分法：
• 面積則を満たすため、有限Dでも精度の良い近似 

•  
• 無限系も直接、有限のDで計算できる：iTPS 

• テンソルネットワークのみを仮定した、バイアスの少ない変分波動関数 
• ボンド次元の増大により、系統的に精度を改善できる

S ≤ 4L log D ∝ L

（TPS表現の範囲で最低エネルギーを探す）



無限系のテンソル積状態：iTPS (iPEPS)
状態ベクトルに並進対称性がある場合：

並進の演算子 位相はつかない
同じテンソルを周期的に（無限に）並べることで、 
無限系の波動関数が有限の自由度で表現可能

2サイトユニットセル 4サイトユニットセル

＊対象の周期が不明な場合は、複数のユニットセルで 
計算したエネルギーを比較し、適切なユニットセルを探す



iTPSの例：可解模型の基底状態
Toric code

3

The two-dimensional toric code

The toric code is an exactly solvable spin 1/2 model on the square lattice. It exhibits a
ground state degeneracy of 4g when embedded on a surface of genus g and a quasiparti-
cle spectrum with both bosonic and fermionic sectors. Although we will not introduce
it as such, the model can be viewed as an Ising gauge theory at a particularly simple
point in parameter space (see Sec. 4.5). Many of the topological features of the toric
code model were essentially understood by Read and Chakraborty (1989), but they
did not propose an exactly solved model. A more detailed exposition of the toric code
may be found in Kitaev (2003).

We consider a square lattice, possibly embedded into a nontrivial surface such as
a torus, and place spins on the edges, as in Fig. 3.1. The Hamiltonian is given by

HT = −Je

∑

s

As − Jm

∑

p

Bp (3.1)

where s runs over the vertices (stars) of the lattice and p runs over the plaquettes.
The star operator acts on the four spins surrounding a vertex s,

Bp

As

Fig. 3.1 A piece of the toric code. The spins live on the edges of the square lattice. The

spins adjacent to a star operator As and a plaquette operator Bp are shown.

The two-dimensional toric code

As =
∏

j∈star(s)

σx
j (3.2)

while the plaquette operator acts on the four spins surrounding a plaquette,

Bp =
∏

j∈∂p

σz
j . (3.3)

Clearly, the As all commute with one another, as do the Bp. Slightly less trivially,

AsBp = BpAs (3.4)

because any given star and plaquette share an even number of edges (either none or
two) and therefore the minus signs arising from the commutation of σx and σz on
those edges cancel. Since all of the terms of HT commute, we expect to be able to
solve it term by term.

In particular, we will solve HT working in the σz basis. Define classical variables
sj = ±1 to label the σz basis states. For each classical spin configuration {s}, we can
define the plaquette flux

wp(s) =
∏

j∈∂p

sj . (3.5)

If wp = −1, we say that there is a vortex on plaquette p.

3.1 Ground states

To find the ground states |Ψ
〉

of HT , we need to minimize the energy, which means
maximize the energy of each of the As and Bp terms. The plaquette terms provide the
condition

Bp|Ψ
〉

= |Ψ
〉

(3.6)

which holds if and only if

|Ψ
〉

=
∑

{s:wp(s)=1 ∀p}

cs|s
〉

(3.7)

. That is, the ground state contains no vortices. The group of star operators act on
the configurations s by flipping spins. Thus, the star conditions

As|Ψ
〉

= |Ψ
〉

(3.8)

hold if and only if all of the cs are equal for each orbit of the action of star operators.
In particular, if the spin flips of As are ergodic, as they are on the plane, all cs must
be equal and the ground state is uniquely determined.

On the torus, the star operators preserve the cohomology class of a vortex-free spin
configuration. In more physical terms, we can define conserved numbers given by the
Wilson loop like functions

wl(s) =
∏

j∈l

sj , l = l1, l2 (3.9)

where l1 and l2 are two independent non-trivial cycles on the square lattice wrapping
the torus (Fig. 3.2). Any given star will overlap with a loop l in either zero or two
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(A. Kitaev, Ann. Phys. 303, 2 (2003).

この模型の基底状態は Z2 スピン液体
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(Non-zero elements of tensor)0,1: eigenstate of σz

(F. Verstraete, et al, Phys. Rev. Lett. 96, 220601 (2006).

このスピン液体状態は D=2 TPS で厳密に表現可能
*量子コンピュータの誤り訂正にも使われる



テンソルネットワーク状態を使った基底状態計算 
（の概略）



iTPSを用いた計算アルゴリズム
基底状態の物性を調べるためには、

1. エネルギー期待値などの物理量計算 
2. iTPSの最適化

の二つの計算が少なくとも必要

＊TPSでは「テンソルネットワークの縮約」の厳密計算は困難
このネットワークの縮約には、 
指数関数的に大きな計算量が必要

近似的な縮約
• テンソル繰り込み 
• 境界MPS法 
• 角転送行列法 
• 平均場環境

＊コストパフォーマンスの観点で 
テンソル繰り込み群はあまり使われない



角転送行列法による近似的な縮約
先ほどのネットワークを簡略化：

角転送行列表現

Corner transfer matrix Edge tensor

Corner transfer matrix Edge tensor

ボンド次元：D ボンド次元：D2

角転送行列

エッジテンソル

χ

χ

無限に広がった環境を"ボンド次元"χの角転送行列で近似的に表現
角転送行列とエッジテンソルは、
 のコストで計算可能

＊通常、χ∝O(D2)でスケールするため縮約コストはO(D10)
＊χは物理量が収束するように十分に大きく取る

(R. Orus et al, Phys. Rev. B 80, 094403 (2009))
(T. Nishino and K. Okunishi, JPSJ 65, 891 (1996))



iTPSの最適化
iTPSの典型的な最適化法

2. 虚時間発展法

同じボンド次元のiTPSに再度近似
虚時間発展演算子をかけると、iTPSのボンド次元が増大

1. 変分最適化法

3

(CTM) renormalization group method,29,30 for arbitrary
unit cell sizes20,32 which is summarized in the following.

Consider the problem of computing the norm of an
iPEPS h | i, which boils down to contracting the in-
finite 2D square lattice network of the reduced tensors
a[x,y], shown in Fig. 1(c), where each a[x,y] is obtained
from contracting A[x,y] with its conjugate tensor A†[x,y],
see Fig. 1(b). The goal of the CTM approach is to com-
pute the four corner tensors C1, C2, C3, C4, and the four
edge tensors T1, T2, T3, T4 for each coordinate [x, y] in
the unit cell, where each corner tensor represents a quad-
rant and the edge tensors a half-row (or half-column) of
the infinite 2D network. All these tensors together form
the so-called environment, representing the infinite sys-
tem surrounding a bulk site (or several bulk sites), as
shown in Fig. 1(c). Once the environment has been com-
puted, one can easily evaluate expectation values of local
observables by introducing the corresponding operators
in between the physical legs of the iPEPS tensors.

The environment tensors are computed iteratively by
letting the system grow in all directions. One starts from
an initial guess for the boundary tensors, either by initial-
izing them randomly, or alternatively one can initialize
them with the bulk tensors (by tracing out the auxiliary
bonds on the edges). In the directional CTM approach30

one first performs a growth step on e.g. the left side of
the system (called a left move), by introducing a new col-
umn of tensors, multiplying them onto the left boundary
tensors, followed by a renormalization step, see Fig. 1(d).

In the renormalization step a bond dimension � is kept
at the boundary which controls the accuracy of the ap-
proximate contraction. There are di↵erent ways how to
perform this renormalization step. Here we use a set of
projectors P and P̃ , introduced in Refs. 33 and 34 and
first applied in the CTM method in Ref. 20, to project
from the enlarged space �D2 down to a dimension �.
These projectors are then used to compute the renormal-
ized corner- and edge tensors, C 0

1, C
0
4, and T 0

4, as shown
in Fig. 1(e).

For a unit cell of size Lx ⇥ Ly one proceeds in the
following way for a full left move (i.e. an absorption of
the entire unit cell into the left boundary):

• Do for all x 2 [1, Lx]

– Do for all y 2 [1, Ly]

⇤ Compute the projectors P [x�1,y] and
P̃ [x�1,y] (see Ref. 20 for details)

– Do for all y 2 [1, Ly]

⇤ Compute the new renormalized corner

tensors C 0[x,y]
1 , C 0[x,y]

4 , and edge tensor

T 0[x,y]
4 , as shown in Fig. 1(e)

After a full left move one proceeds with a full right-,
top-, bottom-move in a similar way, and reiterates until
convergence is reached (e.g. by checking the convergence
of the energy with CTM iterations).

C. Optimization based on imaginary time evolution

In order to get an approximate representation of the
ground state of a given Hamiltonian Ĥ, the tensors need
to be optimized, i.e. one needs to find the best variational
parameters stored in the tensors. In previous iPEPS sim-
ulations this has been done based on an imaginary time
evolution (ITE) of an initial (e.g. random) state. Using a
Trotter-Suzuki decomposition the imaginary time evolu-
tion operator is split into a product of two-site operators,

e��Ĥ = e��
P

b Ĥb ⇡
 
Y

b

Ûb

!n

, Ûb = e�⌧Ĥb , (1)

where the product goes over all nearest-neighbor bonds b
in the unit cell (assuming a Hamiltonian with only
nearest-neighbor terms), Ĥb is the Hamiltonian term on
bond b, and ⌧ = �/n is a small imaginary time step. The
error of the Trotter-Suzuki decomposition decreases with
the size of the time-step ⌧ .35 The ITE is then performed
by sequentially multiplying the two-site operators Ûb to
the iPEPS and representing the resulting wave function
again as an iPEPS with the same bond dimension, until
convergence is reached. There exist di↵erent schemes to
truncate of a bond. In the so-called simple update scheme
the truncation is done based on a local singular value
decomposition,26,27,36 whereas in the full-update10,27 (or
fast-full update28) the entire 2D wave function is taken
into account for the truncation of a bond index. The sim-
ple update is computationally cheaper, but less accurate
than the full update.

III. VARIATIONAL OPTIMIZATION

A. Basic idea

Variational optimization schemes are commonly used
in MPS based algorithms,1,3 and have already been ap-
plied to finite PEPS,2,5,6 but not yet to iPEPS. The main
idea is to iteratively optimize one tensor after the other
until convergence is reached. Optimizing a single ten-
sor A (while keeping all other tensors fixed) boils down
to minimizing the energy with respect to tensor A,

min
A

E(A) = min
A

h (A)|Ĥ| (A)i
h (A)| (A)i = min

~A

~A†
H ~A

~A†N ~A
(2)

where the tensor A and its conjugate have been reshaped
into vectors. The matrices N and H correspond to the
(reshaped) tensor network representing the norm and the
expectation value of Ĥ excluding the tensor A and its
conjugate A†, respectively, see Fig. 2. Minimizing with
respect to A† yields a generalized eigenvalue problem,

@

@ ~A†

 
~A†
H ~A

~A†N ~A

!
= 0, ! H ~A = EN ~A. (3)

長時間の虚時間発展で基底状態を得る

エネルギー期待値を最小にする様に
テンソルを変化させる L. Vanderstraeten et al , Phys. Rev. B 94, 155123 (2016).

P. Corboz, Phys. Rev. B 94, 035133 (2016).

H.-J. Liao et al, Phys. Rev. X 9, 31041 (2019).

＊微分の計算が困難だったが、最近発展

Full update:
Simple update: (H. G.  Jiang et al, Phys. Rev. Lett. 101, 090603 (2008))

(cf. R. Orus et al, Phys. Rev. B 80, 094403 (2009))O(D10)
O(D5)

global近似
local近似



iTPS(iPEPS)の適用例

Quantum many-body systems accommodate various exotic
states and phenomena. One of the most notable examples
is Bose–Einstein condensation (BEC), where a macro-

scopic number of bosonic particles occupy a single particle state
as in a superfluid state of liquid 4He and in cold atomic gases.
With the aid of attractive force, fermions in pairs can also
condensate as in a superconducting state of electrons. In most
antiferromagnetic insulators, the elementary excitation is a
bosonic excitation magnon, and this can form a BEC1–3. Inter-
estingly, interactions between magnons and couplings with the
basal crystalline lattice lead to rich physics in quantum anti-
ferromagnets, thereby distinguishing it from the canonical BEC.

The magnon picture has proven extremely fruitful for several
antiferromagnets composed of spin-1/2 pairs with a spin-singlet
(S= 0) ground-state, and triplet (S= 1) excitations called tri-
plons. The triplons are similar to conventional magnons excited
in an ordered antiferromagnet because both carry the spin
angular momentum of ħ, and thus the two terms are occasionally
used interchangeably2,3. At a critical applied magnetic field, the
energy of one of the Zeeman-split triplet components intersects
the ground-state singlet, thereby resulting in a long-range mag-
netic order. Specifically, the transition corresponds to a BEC of
diluted triplons (magnons), and this is typically observed in
TlCuCl34,5. Above the critical field, the magnetization starts to
increase linearly when the density of magnons increases with
magnetic field. The magnetic field acts as a chemical potential for
magnons, and thus controls the density of the magnons (which is
proportional to the magnetization).

In simple spin systems, the magnetization increases smoothly
with the magnetic field and eventually saturates. However, in
certain quantum magnets, flat regions termed as magnetization
plateaus appear at fractional magnetizations before saturation.
There are two types of magnetization plateaus: a classical one
that is described by a collinear arrangement of classical spins
and a quantum state comprising entangled spins6. Classical
magnetization plateaus are observed in triangular magnets,
such as Cs2CuBr47 and Ba3CoSb2O9

8,9, and the quantum pla-
teaus in dimer magnets such as NH4CuCl310 and
SrCu2(BO3)211.

A transition to a quantum plateau as a function of magnetic
field is considered to be a superfluid-insulator transition of hard-
core bosons (magnons). Interacting magnons in a BEC state tend
to localize due to the suppression of kinetic energy and eventually
crystallize to become “insulating” such as Mott insulators in
strongly correlated electron systems12. The magnon crystal
exhibits a fixed density of magnons, and thus the magnetization
remains at a fractional value of the full magnetization in a field
range6. The fractional value of magnetization is attributed to the
commensurability of the magnon crystal when there is no topo-
logical order. The number of magnons, QmagS(1 – m), in the
magnetic unit cell should be an integer where Qmag, S, m denote
the number of spins in the magnetic unit cell, the spin quantum
number, and the magnetization divided by the saturation mag-
netization, respectively13. In SrCu2(BO3)2, which comprises pairs
of Cu2+ ions arranged orthogonally to each other in the sheet to
form a Shastry–Sutherland lattice11, a series of magnetization
plateaus appear at m= 1/8, 1/4, 1/3 (Qmag= 16, 8, 12)14,15; and
nuclear magnetic resonance measurements directly confirmed
spontaneous translational symmetry breaking in the magnon
crystals16.

In the spin-1/2 kagomé antiferromagnet (KAFM)17–19, the
ground-state is a gapless or gapful spin liquid and the formation
of nontrivial magnons is theoretically expected immediately
below the saturation20. When the magnetic field is set to infini-
tesimally smaller than the saturation field Bs, a magnon with total
Sz= 2 in a hexagonal plaquette is generated in the fully polarized

spin state, which is the vacuum of magnons as schematically
depicted in Fig. 1. Each spin inside the hexagonal plaquette
equally carries fractional magnetization, and thus, the ‘hexagonal
magnon’’ corresponds to a highly quantum mechanical entity.
Given the absence of energy cost for magnon generation, the
density rapidly increases to 1/9 before the magnons overlap with
each other to feel mutual repulsion. This results in an decrease in
the magnetization from 1 to 7/9 at Bs20. Subsequently, a crys-
talline phase with a superstructure of the

ffiffiffi
3

p
×

ffiffiffi
3

p
unit cell with

Qmag= 9 is formed in a range of fields, thereby yielding a 7/9
magnetization plateau. A large magnon is emergently generated
on a hexagon of the kagomé lattice in the KAFM, which is sig-
nificantly different from dimer magnets with singlet and triplet
states that naturally occur on built-in pairs of Cu ions.

Here, we report the observation of a series of fractional mag-
netization plateaus in the kagomé antiferromagnet Cd-kapellasite
(CdK) and demonstrate the presence of emergent hexagonal
magnons in the kagomé lattice. Some of the observed magneti-
zation plateaus are reproduced by theoretical calculations for the
simple KAFM model, while the others may be stabilized by lattice
commensurability, additional long-range interactions, and
potentially coupling to lattice.

Results
Theoretical predictions for multiple plateaus. Recent calcula-
tions by the density-matrix-renormalization-group method, the
exact diagonalization, and the tensor network method show that
in addition to the well-established 7/9 plateau, three plateaus

0

1/9

3/9

5/9

7/9

1

M
/M

S

32

210

10
B /J

Spin

Magnon

Fig. 1 Calculated magnetization process for the spin-1/2 KAFM with the
nearest-neighbor interaction J. The tensor network method with the
projected entangled pair state (PEPS) is used. The vertical and horizontal
axes represent magnetizationM divided by saturated magnetizationMs and
magnetic field B divided by J, respectively. The top left inset shows a
schematic drawing of hexagonal magnons that are depicted by doughnuts
containing six entangled spins. The other intervening spins point upward in
the direction of magnetic field. The magnon crystal forms a superlattice
with a√3 ×√3 unit cell. The bottom right inset shows hexagonal magnons
expected to appear at the 1/3, 5/9, and 7/9 plateaus. In the upper part, the
magnons are defined by the total spin Sz= 0, 1, and 2 for the six spins on
the hexagon, respectively, while in the lower part based on the magnon
picture, the number of magnons correspond to 3 (hexagon+ double circle),
2 (single circle), and 1 (only hexagon), respectively. Using the bracket
notation, the one-magnon state with Sz= 2 is expressed as
P6

i¼1 "1ð ÞiS"i j0>, where the sum is obtained inside the hexagon, and j0>
denotes the saturated state
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カゴメ格子ハイゼンベルグ模型の磁化曲線

R. Okuma, D. Nakamura, T. Okubo et al,  
Nat. Commun. 10, 1229 (2019). 

H. Yamaguchi, Y. Sasaki, T. Okubo,  
Phys. Rev. B 98, 094402 (2018).

例：（QMCのできない）フラストレート磁性体
H. YAMAGUCHI et al. PHYSICAL REVIEW B 98, 094402 (2018)
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FIG. 4. The ground states under magnetic fields obtained from
D = 6 iTPS calculation. (a) Normalized magnetization curve, (b)
average local magnetization, (c) average local moment at T = 0
calculated using the tensor network method assuming the ratios of
the evaluated exchange constants. The illustrations describe the pre-
dicted collinear spin structure at H = 0 and field-enhanced reduction
of the local moment near the 1/2-plateau-like phase.

studies, we confirmed that the ab initio MO calculations
for verdazyl-based compounds provide reliable values of ex-
change interactions to qualitatively examine their intrinsic
behavior [45–49]. Thus, we assumed the evaluated exchange
constants to examine the qualitative behavior and fixed the
ratios as follows: J2/J1 = −0.82, J3/J1 = −0.66, J4/J1 =
−0.61, J5/J1 = 0.26, and J6/J1 = 0.20. Figure 4(a) shows
the calculated magnetization curve at T = 0, which qualita-
tively reproduces the low-field convex function and subse-
quent 1/2-plateau-like behavior. In the ground state at H = 0,
a collinear structure with twofold periodicity is realized in
each site, as shown in Fig. 4(a). Spins connected by the
weakest FM J6 in site 1 arrange in the opposite direction
to minimize an increase in the ground-state energy due to
the frustration. In the low-field region below |H/J1|"0.8,
the spins in site 1 gradually tilt toward the field direction
(H//z) with increasing field. The average local magnetization
for the field direction 〈Sz〉 in site 1 increases monotonically
up to |H/J1|"0.8, but it is still not fully polarized because
of the contribution of AFM J3 and J4 between two sites, as
shown in Fig. 4(b). Consequently, the intensively polarized
spins in site 1 do not have sufficient degrees of freedom
to modify the ground state, and site 2 forms an effective
1D J2-J5 chain. This effective 1D chain induces quantum
fluctuations attributed to its low dimensionality, resulting
in a field-enhanced reduction of the average local moment
(〈Sx〉2 + 〈Sy〉2 + 〈Sz〉2)1/2 associated with the 1/2-plateau-
like behavior, as shown in Fig. 4(c). In the field region above
approximately |H/J1|"1.2, magnetizations in both sites in-
crease toward the fully polarized phase.
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FIG. 5. (a) 31P-NMR spectra of (o-MePy-V)PF6 at 1.4 K with
various magnetic fields for H//b. (b) Local magnetic field Hloc of
P(1) and P(2) evaluated from the spectra. (c) Temperature depen-
dence of T −1

1 for P(1) and P(2) at 2.5 and 5.0 T.

E. Nuclear magnetic resonance

To investigate the local spin states, we performed 31P-NMR
measurements. Figure 5(a) shows the 31P-NMR spectra at
1.4 K for various magnetic fields along the b axis. Two
crystallographically independent P sites, P(1) and P(2), are
located on site 1 and site 2, respectively, as shown in Fig. 1(b).
We observed corresponding two-peak signals and evaluated
the magnetic shift as a local magnetic field Hloc, as shown in
Fig. 5(b). It is difficult to determine the hyperfine coupling
constants for this compound because the two peaks overlap
with each other above 20 K, owing to the small hyperfine
couplings. However, the right peak shows a relatively large
Hloc, while the Hloc of the left peak stays near 0 at 1.4 K,
as shown in Fig. 5(b). This result is consistent with the
expectation from the numerical analysis shown in Fig. 4(b),
where 〈Sz〉 for site 1 shows large values, while 〈Sz〉 for site
2 is almost zero at lower fields. Therefore, the right and left
peaks can be attributed to P(1) and P(2) sites, respectively.
The right peak is broadened below 3 T owing to the proximity
of the ordered phase, as shown in Fig. 5(a). The Hloc at P(1)
gradually increases with increasing H up to 3 T. Above 3 T,
the Hloc at P(1) shows almost field-independent behavior,
while Hloc at P(2) shows a small negative shift. This shift
at P(2) is considered to be related to the small increase of
〈Sz〉 for site 2 combined with a negative hyperfine coupling.
Figure 5(c) shows the temperature dependence of the nuclear
spin-lattice relaxation rate T −1

1 for P(1) and P(2). In the low-
field regime at 2.5 T, T −1

1 increases with decreasing temper-
ature, indicating a magnetic phase transition with a critical
slowing down at low temperature. Conversely, in the high-
field regime at 5 T, T −1

1 decreases with decreasing temperature
because of the disappearance of the ordered phase. For the
above measurements, the stretch exponent β has a relatively
small value probably because of the insufficient separation
between two sites and/or the inhomogeneous distribution of
the internal field [53].
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Tensor Netwok Solver (TeNeS)

無限系のTPS（iTPS）を用いた変分法による基底状態計算
https://github.com/issp-center-dev/TeNeS

虚時間発展法によるテンソルの最適化 
MPI/OpenMPによる大規模並列計算に対応 

mptensor（森田） によるテンソル演算の並列化 
二次元の量子スピン系やボゾン系が簡単に計算可能 

mVMCやHPhiと類似のinput file 
標準的な二次元格子にデフォルトで対応 
原理的には任意の二次元格子に対応可能
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iTPSを用いたフラストレート磁性体の研究 
　—キタエフ模型を例に—



ハニカム格子キタエフ模型

キタエフ模型

x-bond

y-bond

z-bond

：相互作用の方向
相互作用の方向に応じて、異なるスピン成

分がイジング型に相互作用

A. Kitaev, Annals of Physics 321, 2 (2006) 

ハニカム格子

この模型は「マヨラナフェルミ粒子」
を用いて、自由粒子の問題に変換可能

<latexit sha1_base64="LtKosN5CZYigK8F2h3ebzQz5vl8="></latexit>

<latexit sha1_base64="TrXX2ogSIADGydGmb9qDh09yNSE="></latexit>

<latexit sha1_base64="kqIgGyyyBrWrhMRGzjoxS6YeDVI="></latexit>

Majorana fermions:

<latexit sha1_base64="3gETdZIAl8JUGeODBmxZoUDFJFk="></latexit>

<latexit sha1_base64="lLrAZ/tp5/wPcyeKhOqE996ETYw="></latexit>

<latexit sha1_base64="ndACOmdHyEFw6+5WGcFenobMeBk="></latexit>

<latexit sha1_base64="K+3tkgcYpuPv39HNdEfKJhjnLbY="></latexit>

Spin Four Majorana fermions

量子スピン液体



キタエフ物質とテンソルネットワークでの計算例
T. Okubo, K. Shinjo, Y. Yamaji et al, Phys. Rev. B 96, 054434 (2017).

(Y. Yamaji et al. Phys. Rev. Lett. 113, 107201(2014))
Na2IrO3の第一原理スピンハミルトニアン

強いスピン軌道相互作用 実際の物質でキタエフ相互作用が実現

Kitaev + Heisenberg + Off-diagonal  interactions
+

2nd and 3rd nearest neighbor interactions

この物質の基底状態をiTPS 
を使って明らかに

三方晶歪みを変えた場合の相図

Zigzag
120°

IC

16-sites
(Z)(X,Y)
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zigzag phase is 
consistent with 
the experiments

G.Jackeli, et al., PRL 102, 017205 (2009)

• キタエフ相互作用以外の相互作用
の影響で、基底状態はスピン液体
ではなく磁気秩序状態 

• その場合、iTPSでの計算は、第一
原理ハミルトニアンの基底状態を
正しく実現できる



キタエフ物質とテンソルネットワークでの計算例
T. Okubo, K. Shinjo, Y. Yamaji et al, Phys. Rev. B 96, 054434 (2017).

(Y. Yamaji et al. Phys. Rev. Lett. 113, 107201(2014))
Na2IrO3の第一原理スピンハミルトニアン

強いスピン軌道相互作用 実際の物質でキタエフ相互作用が実現

Kitaev + Heisenberg + Off-diagonal  interactions
+

2nd and 3rd nearest neighbor interactions

この物質の基底状態をiTPS 
を使って明らかに

三方晶歪みを変えた場合の相図
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G.Jackeli, et al., PRL 102, 017205 (2009)

• キタエフ相互作用以外の相互作用
の影響で、基底状態はスピン液体
ではなく磁気秩序状態 

• その場合、iTPSでの計算は、第一
原理ハミルトニアンの基底状態を
正しく実現できる

スピン液体は？ 
→キタエフスピン液体は 

テンソルネットワークでコンパクト
に表現できます！



キタエフ模型の保存量とテンソルネットワーク
フラックス演算子：

<latexit sha1_base64="W682k5HZHC55Sa9dltWKkHJWjdg="></latexit>

<latexit sha1_base64="E0T+XqpTjGXqn5suN9e7QeU/0Lw="></latexit>

1 2

3

45

6
• 固有値は±1 
• ハミルトニアンと可換＝保存量 
• 異なる場所のフラックスも可換

キタエフスピン液体は、全ての六角形でフラックスが1

への射影演算子？：Wi = 1
<latexit sha1_base64="IOTdH0oceO4YyPxSJKbuAwguCn0="></latexit>

この演算子は D=2 のテンソルネットワークで表現できる

<latexit sha1_base64="e7S788hBjf0Z0GqQ70HK3SPLUO4="></latexit>

<latexit sha1_base64="6jwF2nZk7bcqAv+7xMMvPfHiqeY="></latexit>

,

"Vortex free"



Vortex free への射影演算子
Vortex free 状態への射影演算子：

<latexit sha1_base64="cM9tn4zUIEqvw6MAcwa/nUrBiPA="></latexit>

"loop gas" 演算子で記述できる

<latexit sha1_base64="ccuq4D+YLu2fUzdUijOAqqUfvvk="></latexit>

(D=2, TPO)

<latexit sha1_base64="Q1yyuOHnY94tWSGEq2mzUMnALJw="></latexit>

<latexit sha1_base64="GeBdsvXIfKYSrDYt1IZk+j1NyxU="></latexit>

<latexit sha1_base64="c2SbhQYU6fXUqUPH+9e5xe3Gov8="></latexit>

<latexit sha1_base64="mdN6ENvy0zxxoKY+E8JoeyGrkD0="></latexit>

<latexit sha1_base64="itf8JOCM3DmJhnPtXWU6sNRHkck="></latexit>

<latexit sha1_base64="oczxxW4q5+6lMb6/PWLltwvyux4="></latexit>

<latexit sha1_base64="U8Mq87rKaD935RVSNZdZ4gVeHyQ="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="/b8KW4L7OThp3CoolX9X+osVKZU="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="npgCp6zgIF4GUS2dn6ABrfHx/bI="></latexit>

<latexit sha1_base64="ZOg6jh9uh05ttpcfHfldAAMSiSQ="></latexit>

<latexit sha1_base64="7+lucWFhJR+HSjclAA0Yb5mP88M="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

Non zero elements:

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)



演算子のループ構造

全ての閉じたループの和！

<latexit sha1_base64="Q1yyuOHnY94tWSGEq2mzUMnALJw="></latexit>

<latexit sha1_base64="GeBdsvXIfKYSrDYt1IZk+j1NyxU="></latexit>

<latexit sha1_base64="c2SbhQYU6fXUqUPH+9e5xe3Gov8="></latexit>

<latexit sha1_base64="mdN6ENvy0zxxoKY+E8JoeyGrkD0="></latexit>

<latexit sha1_base64="itf8JOCM3DmJhnPtXWU6sNRHkck="></latexit>

<latexit sha1_base64="oczxxW4q5+6lMb6/PWLltwvyux4="></latexit>

<latexit sha1_base64="U8Mq87rKaD935RVSNZdZ4gVeHyQ="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="/b8KW4L7OThp3CoolX9X+osVKZU="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="npgCp6zgIF4GUS2dn6ABrfHx/bI="></latexit>

<latexit sha1_base64="ZOg6jh9uh05ttpcfHfldAAMSiSQ="></latexit>

<latexit sha1_base64="7+lucWFhJR+HSjclAA0Yb5mP88M="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="5pGKh0Kh2GqTRcauZLwn9JCYp/Y="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

<latexit sha1_base64="o9yYeoDgANMt6DrpOFay0A5u3AA="></latexit>

+

+ + + ...

<latexit sha1_base64="oYDoh2a02TNvVsKvJN5Dvn4BHmc=">AAACoXichVG7SgNBFD2u73dUEMFmMShWYSKCIiiCjXZJNA9IJOyuE7O4L2YnAY3+gD9gYWXAQuIX2Nr4AxZ+glgq2Fh4d7MgGtQ7zMyZM/fcOcPVPcv0JWNPXUp3T29f/8Dg0PDI6Nh4bGIy57s1YfCs4VquKOiazy3T4VlpSosXPME1W7d4Xj/aCu7zdS5803X25LHH923t0DErpqFJosqx6ZKtyaqwG3JPnJU84R6oaXVdLc fiLMHCUDtBMgJxRJFyY3co4QAuDNRgg8OBJGxBg0+jiCQYPOL20SBOEDLDe44zDJG2RlmcMjRij2g9pFMxYh06BzX9UG3QKxZNQUoV8+yR3bBX9sBa7Jl9/FqrEdYIvBzTrre13CuPn8/svv+rsmmXqH6p/vQsUcFq6NUk717IBL8w2vr6ycXr7lpmvrHAmuyF/F+xJ3ZPP3Dqb8Z1mmcu//Cjk5ewSoCoTcmfTekEuaVEknB6Ob65ETVsALOYwyJ1ZQWb2EYKWXrlFE20cKvElR0lpWTaqUpXpJnCt1CKn8Xkmbc=</latexit>

注:
<latexit sha1_base64="WWTnu8rNRSnaLMIya3g6yc5ApgY="></latexit>

<latexit sha1_base64="EAIqA1OORC8xnA2FKadDmgVuZ/4="></latexit>

<latexit sha1_base64="cmp8aJWgpNl0PzpCQzzPBlQsHYw="></latexit>

 ...

<latexit sha1_base64="19TEmi79boCGRayAtqTXLh65Te0="></latexit>

<latexit sha1_base64="ZmJz+9hwVlIqSoO49dQGJOpBP9k="></latexit>

:# of graphs

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)



Loop gas state (LGS) : ほぼキタエフスピン液体
等方的なキタエフ模型に対応する単純なvortex free状態

<latexit sha1_base64="PLbYnl2wyXjTl9jmYZaUmXEfx4w="></latexit>

(1,1,1) 方向に揃った強磁性状態

<latexit sha1_base64="5gbO9cY4lCCZw1hOcrAmczdTUNY="></latexit>

<latexit sha1_base64="fWqO2LGaLc/mVAyJ4LDcQ7ogyi8="></latexit>

D=2, iTPS 

<latexit sha1_base64="iGoO2UUsxY3zAvBhwG/e0/0mJCM="></latexit>

H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019)

Q と |111>の対称性よりLGSは
• 格子の並進 
• C6 格子の回転（+ スピン回転） 
• 反転＋時間反転

対称性：

磁性：
Vortex free 条件により、LGS は必ず非磁性

LGSはキタエフスピン液体定性的に同じ状態！

に関して対称

臨界性：
波動関数の内積＝2d イジングの臨界普遍性を持つ分配関数と一致

Cf. ハルデン相に対するAKLT状態と類似の対応



局所励起による系統的な改善

<latexit sha1_base64="B8x7BCltld7WHGgehROinPXWhhI="></latexit>

n次のstring gas state (SGS)

<latexit sha1_base64="CGcnN6HNptuSgunE907+35bCVfE="></latexit>

：変分パラメタ

•  は  iTPS.|ψn⟩ D = 2n

Exact
D 2 4 8

# of 
parameters

0 1 2
E/J -0.16349  -0.19643  -0.19681  -0.19682  

ΔE/Eex 0.17 0.002 0.00007 -

<latexit sha1_base64="5Qb/LsEo95dpbmpA1zYQW0ILSz0=">AAACsHichVG7SiRBFD32+l4f45oImzQOI0bDHRF8gCAYuMEG6jg64EhT3ZZjab/orhnQ0R9wP2CDjXZhAzHaVEMTf8DAT5ANXdjEwNs9LWKg3qKqTp2659Yprh26KtZEtx3Gh86u7p7evv6PA4NDw7mRTxtx0IgcWXECN4iqtoilq3xZ0Uq7shpGUni2Kzftg6XkfrMpo1gF/ro+DOW2J+q+2lWO0ExZucJxLYyVRbVI+HVXmgvmcc0Tei/yWl+XyycZbeXyVJxLw2yDmekMzJXMUpHSyCOLlSB3gRp2EMBBAx4kfGjGLgRiHlsogRAyt40WcxEjld5LnKCftQ3OkpwhmD3gtc6nrYz1+ZzUjFO1w6+4PCNWmijQDZ3RPV3TOd 3Rw6u1WmmNxMsh73ZbK0Nr+HSs/P9dlce7xt6z6k3PGruYTb0q9h6mTPILp61vHn2/L8+vFVoT9Iv+sv+fdEtX/AO/+c/5vSrXfrzhx2YvaZUEcZueemG+DjamiiXGq9P5xdmsYb34jHFMcldmsIgvWEGFX/mGP7jApTFlVA3LEO1UoyPTjOJFGPuPtnWg3Q==</latexit> <latexit sha1_base64="FsSOBLRzWV/lDt7HmBTkGr05vnQ="></latexit> <latexit sha1_base64="win7U/ct4AKxMxdb3ItB7Ici4U8="></latexit>

たった二つの変分パラメタで、非常に精密なエネルギーを得ることができる！

(H.-Y. Lee, R. Kanako, T.O. and N. Kawashima, PRL 123, 087203 (2019))

3

It indicates that the norm of | 0i is exactly mapped
into the partition function of the critical classical model
which guarantees the criticality of | 0i[35]. In addition,
the Ising conformal field theory (CFT) with the central
charge c = 1/2 is known to characterize the critical LG
model[34], which is consistent with the KSL of KHM[36–
38].

The LG structure encoded in the ⌧ -tensor is useful in
describing the vortex excitation of the KSL. To see this,
we first note that the ⌧ -tensor is invariant under a gauge
transformation g = �̂

z, i.e. gii0gjj0gkk0⌧i0j0k0 = ⌧ijk, and
thus

gii0gjj0gkk0 |T
0
i0j0k0i = |T

0
ijk

i.

With a trivial gauge transformation I2 being a two-
dimensional identity matrix, they form a Z2 invariant
gauge group (IGG). String-like action of g on links would
twist the gauge fields[15] along the string and hence cre-
ate two vortices Ŵp = �1 at both ends as demonstrated
below:

,

where ±1 in the hexagon denotes Ŵp. One can explicitly
show[33] such creation and move of fluxes using Eq. (3).

Finally, we measure the KHM energy (per bond) of | 0i

and obtain E = �0.16349 which is rather higher than the
exact one EKitaev ' �0.19682[15]. Details in numerics
will be discussed later. By construction, the LG ansatz
| 0i made of zeroth order tensor satisfies most of the
physical constraints respected in the KSL [see SM for the
time-reversal and �Û� symmetries] but is energetically
far away from the exact solution. In what follows, we
present a simple but e↵ective TPO (D = 2) applied to
the LG ansatz which reduces the energy greatly without
violating the constraints. We refer to it as the dimer

gas (DG) operator.
Higher order tensors. The DG operator is defined by

R̂DG = tTr
Q

↵
R̂i↵j↵k↵ with

R̂ijk = ⇣ijk(�̂
x)i(�̂y)j(�̂z)k. (7)

Here, non-zero elements of ⇣-tensor are ⇣000 = 1 and
⇣100 = ⇣010 = ⇣001 = z with i, j, k = 0, 1, and z is a real(or
pure imaginary) variational parameter fixing the fugacity
of a dimer. In this context, the dimer denotes the opera-
tor Ĥ�

↵�
. Then, the DG operator can be interpreted as a

sum of all possible dimer configurations, i.e., R̂DG(z) =P
G2�D

R̂G(z) where R̂G(z) =
N

h↵�i�2G
(zĤ�

↵�
) is de-

fined for each dimer configuration G, and �D is the set

of all dimer configurations:

.

(8)

Due to [Ĥ�

↵�
, Ŵp] = 0, it is obvious that R̂G commutes

with Ŵp for any G, and hence R̂DG does; [R̂DG, Ŵp] = 0.

In fact, we can easily prove [R̂DG, Q̂LG] = 0 and that
the DG operator respects all symmetries of the KSL [33].
Therefore, its multiplication to | 0i does not contaminate
the features of the KSL regardless of z. Moreover, it
can be expressed as the polynomial function of the KHM
Hamiltonian, which may be the reason why it improves
the energy of the ansatz quite e�ciently. The first key
observation is that we can graphically represent Eq. (1)
raised to the n-th power as the linear combination of
elements of �D as

Here, the number of sites in the system is assumed to
be 2N . The terms grouped with a coe�cient ↵0 are the
fully-packed configurations while the second ones are con-
figuration with N � 2 dimers. The terms on the second
line have q-mers longer than dimer, e.g. trimer Ĥx

↵�
Ĥ

y

��
.

All those terms with q-mers are canceled by the anticom-
mutativity of Pauli matrices, and thus � = 0. Note that
the configurations with the same number of dimers share
the coe�cient which resembles the R̂DG. Then, one can
recast it as R̂DG =

P
M

hMĤ
N�2M with proper coe�-

cients hM . Note that our approach is not a perturbative
one[39].
Now, we define the n-th order ansatz as | n({zi})i =Q
n

i=1 R̂DG(zi)| 0i having n complex variational param-
eters. Due to the application of the DG operator, the
ansatz | ni can be interpreted as a string gas state which
is a linear superposition of string configurations. The
string configuration consists of open and closed strings,
connected loops and string-connected loops as depicted
in Fig. 2. The building block tensor of | ni, referred to as
the n-th order tensor, is obtained by applying the R̂ijk-
operator n-times on the zeroth order tensor in Eq. (4).
The bond dimension scales as D = 2n+1. Note that the
LG feature or ⌧ -tensor in the zeroth tensor is inherited by
all higher order tensors. Furthermore, the R̂ijk-operator
is invariant only under the trivial gauge transformation,
and thus its action does not enlarge the Z2 IGG of which
the non-trivial element is simply gn = I2n ⌦ �̂

z. In con-
trast to the zeroth order case, the norm of | ni does not

 は"局所" ダイマー励起を導入R̂DG

• 重要な長距離のエンタングルメントは（単純な）テンソルネットワークで表現できる。 
• 短距離の相関を考えることでエネルギーは大幅に改善される。

: local dimer

 determines density of the dimers
<latexit sha1_base64="CGcnN6HNptuSgunE907+35bCVfE="></latexit>
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FIG. 1. (a) Schematics of the star lattice where the x, y, and z
bonds defined in the model [Eq. (1)] are specified by the red, blue,
and yellow colors, respectively. (b) Four local configurations and
corresponding magnetic states of the LG state [Eq. (3)] where |θ , γ 〉
is defined in Eq. (2), and x, y, z denote each bond of the model.

the flux numbers or eigenvalues of flux operators {Vp =
±1, Wp = ±1}. Since the operator V̂p consists of three Pauli
matrices, the time-reversal (TR) transformation flips its flux
number, i.e., T V̂pT −1 = −V̂p, and hence, the TR symmetry
is spontaneously broken in eigenstates of Ĥ. It was found
[22] that the ground states do not break any lattice symmetry
(that is, the CSLs) and live in the vortex-free sector, i.e.,
{Ŵp = 1, V̂p = 1}. In addition, the model exhibits a topologi-
cal phase transition between the non-Abelian and the Abelian
CSLs at J ′/J =

√
3 [22].

III. VARIATIONAL ANSATZE

A. Loop gas states

We begin with defining a product state |#(θ )〉 =⊗
α |θ , γα〉α with a local magnetic state given by

〈θ , γ |σ̂ γ ′ |θ , γ 〉 = δγ γ ′ cos θ + (1 − δγ γ ′ )
sin θ√

2
, (2)

and γα being the intertriangle bond at site α. For instance,
at site 8 in Fig. 1(a), we assign state |θ , y〉. Applying the
LG operator Q̂LG defined in Ref. [24] on top of |#(θ )〉
results in a LG state |ψLG(θ )〉 ≡ Q̂LG|#(θ )〉, which is simply
a superposition of all possible loop configurations of magnetic
states, i.e.,

(3)

Here, the empty site denotes state |θ , γα〉 whereas the loop-
occupied site stands for σ̂ γ |θ , γα〉 depending on the direction
of the loop as depicted in Fig. 1(b). Due to the LG operator,
the desired symmetries, Z2 gauge redundancy, and the vortex
freeness are guaranteed in the LG state [24]. Note that the
norm of |ψLG(θ )〉 maps into the partition function of the
classical O(1) LG model [25] with the local weights of loops
being r = cos θ and q = sin θ/

√
2 along the triangle and

dodecagon plaquettes, respectively, on the star lattice [24].

After simple algebra, the partition function can even be
mapped into that on the honeycomb lattice, i.e., ZO(1)(x) with
x being the fugacity per site,

〈ψLG(θ )|ψLG(θ )〉 = cZO(1)

(
q2

1 − r + r2

)
, (4)

where c is a constant (see Appendix A). Now, one can
optimize the variational parameter θ to minimize the energy
for a given (J, J ′). For simplicity, let us parametrize the
exchange couplings as J ′/J = tan φ. However, at φ = 0, we
consider J → ∞ whereas J ′ = 1 being finite to avoid the
trivial solution at J ′ = 0 and vice versa at φ = π/2. We em-
ploy the corner transfer matrix renormalization-group method
[26–28] to measure the energy E = 〈ψLG|Ĥ|ψLG〉 and find
θ∗(φ) minimizing the energy at a given φ. The resulting E
and θ∗ are presented in Figs. 2(a) and 2(b), respectively,
as a function of φ. Here, we present the exact energy Eex.
The optimal local weights (q∗, r∗) = (sin θ∗/

√
2, cos θ∗) are

also presented in Fig. 2(b), which provide new insight into
the nature of each phase. As one can see, the variational
energy of the LG ansatz is quite accurate in 0.4π < φ ! 0.5π
where the energy deviation dE = 1 − E/Eexact is less than
0.1% as shown in the inset of Fig. 2(a). In particular, the
energy becomes exact (within machine precision) at φ = 0.5π
at which r is maximized whereas q vanishes as shown in
Fig. 2(b). It indicates that the configurations with only triangle
loops and holes survive. In this sense, the Abelian CSL phase
can be understood as the triangle loop gas in which longer
loops are suppressed.

Interestingly, the variational energy becomes also exact
(within machine precision) as approaching the opposite limit
φ = 0 where the excitation gap closes as J ′2/J [22,29].
Note that ZO(1)(x) in Eq. (4) becomes critical at xc = 1/

√
3

[25], which leads to the critical LG state at (qc, rc) =
(
√

2
√

3 − 3, 2 −
√

3). Remarkably, the LG state is optimized
with (qc, rc) at φ = 0 which implies that the ground state is
the critical LG state exhibiting macroscopic loops. Further-
more, its low-energy physics is described by the Ising CFT
[25] which is consistent with the expected one [22,30–32].
Therefore, according to this circumstantial evidence, we may
conclude that the LG ansatz at φ = 0 is the exact ground state.
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FIG. 2. (a) Variational energy of the optimized LG and SG
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parameter θ∗ of |ψLG〉 as a function of φ. Here, r∗ and q∗, which are
determined by θ∗, are the optimal local weights of the loop along the
triangle and dodecagon plaquettes, respectively.
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FIG. 1. (a) Schematics of the star lattice where the x, y, and z
bonds defined in the model [Eq. (1)] are specified by the red, blue,
and yellow colors, respectively. (b) Four local configurations and
corresponding magnetic states of the LG state [Eq. (3)] where |θ , γ 〉
is defined in Eq. (2), and x, y, z denote each bond of the model.

the flux numbers or eigenvalues of flux operators {Vp =
±1, Wp = ±1}. Since the operator V̂p consists of three Pauli
matrices, the time-reversal (TR) transformation flips its flux
number, i.e., T V̂pT −1 = −V̂p, and hence, the TR symmetry
is spontaneously broken in eigenstates of Ĥ. It was found
[22] that the ground states do not break any lattice symmetry
(that is, the CSLs) and live in the vortex-free sector, i.e.,
{Ŵp = 1, V̂p = 1}. In addition, the model exhibits a topologi-
cal phase transition between the non-Abelian and the Abelian
CSLs at J ′/J =

√
3 [22].

III. VARIATIONAL ANSATZE

A. Loop gas states

We begin with defining a product state |#(θ )〉 =⊗
α |θ , γα〉α with a local magnetic state given by

〈θ , γ |σ̂ γ ′ |θ , γ 〉 = δγ γ ′ cos θ + (1 − δγ γ ′ )
sin θ√

2
, (2)

and γα being the intertriangle bond at site α. For instance,
at site 8 in Fig. 1(a), we assign state |θ , y〉. Applying the
LG operator Q̂LG defined in Ref. [24] on top of |#(θ )〉
results in a LG state |ψLG(θ )〉 ≡ Q̂LG|#(θ )〉, which is simply
a superposition of all possible loop configurations of magnetic
states, i.e.,

(3)

Here, the empty site denotes state |θ , γα〉 whereas the loop-
occupied site stands for σ̂ γ |θ , γα〉 depending on the direction
of the loop as depicted in Fig. 1(b). Due to the LG operator,
the desired symmetries, Z2 gauge redundancy, and the vortex
freeness are guaranteed in the LG state [24]. Note that the
norm of |ψLG(θ )〉 maps into the partition function of the
classical O(1) LG model [25] with the local weights of loops
being r = cos θ and q = sin θ/

√
2 along the triangle and

dodecagon plaquettes, respectively, on the star lattice [24].

After simple algebra, the partition function can even be
mapped into that on the honeycomb lattice, i.e., ZO(1)(x) with
x being the fugacity per site,

〈ψLG(θ )|ψLG(θ )〉 = cZO(1)

(
q2

1 − r + r2

)
, (4)

where c is a constant (see Appendix A). Now, one can
optimize the variational parameter θ to minimize the energy
for a given (J, J ′). For simplicity, let us parametrize the
exchange couplings as J ′/J = tan φ. However, at φ = 0, we
consider J → ∞ whereas J ′ = 1 being finite to avoid the
trivial solution at J ′ = 0 and vice versa at φ = π/2. We em-
ploy the corner transfer matrix renormalization-group method
[26–28] to measure the energy E = 〈ψLG|Ĥ|ψLG〉 and find
θ∗(φ) minimizing the energy at a given φ. The resulting E
and θ∗ are presented in Figs. 2(a) and 2(b), respectively,
as a function of φ. Here, we present the exact energy Eex.
The optimal local weights (q∗, r∗) = (sin θ∗/

√
2, cos θ∗) are

also presented in Fig. 2(b), which provide new insight into
the nature of each phase. As one can see, the variational
energy of the LG ansatz is quite accurate in 0.4π < φ ! 0.5π
where the energy deviation dE = 1 − E/Eexact is less than
0.1% as shown in the inset of Fig. 2(a). In particular, the
energy becomes exact (within machine precision) at φ = 0.5π
at which r is maximized whereas q vanishes as shown in
Fig. 2(b). It indicates that the configurations with only triangle
loops and holes survive. In this sense, the Abelian CSL phase
can be understood as the triangle loop gas in which longer
loops are suppressed.

Interestingly, the variational energy becomes also exact
(within machine precision) as approaching the opposite limit
φ = 0 where the excitation gap closes as J ′2/J [22,29].
Note that ZO(1)(x) in Eq. (4) becomes critical at xc = 1/

√
3

[25], which leads to the critical LG state at (qc, rc) =
(
√

2
√

3 − 3, 2 −
√

3). Remarkably, the LG state is optimized
with (qc, rc) at φ = 0 which implies that the ground state is
the critical LG state exhibiting macroscopic loops. Further-
more, its low-energy physics is described by the Ising CFT
[25] which is consistent with the expected one [22,30–32].
Therefore, according to this circumstantial evidence, we may
conclude that the LG ansatz at φ = 0 is the exact ground state.
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non-Abelian

エネルギー

Abelian

LGSと同種の表現で 
カイラルスピン液体を 
高精度に近似

H.-Y. Lee, R. Kanako, et al, Nat. Commun.  11, 1639 (2020).

 model:KΓΓ′ α-RuCl3の有効模型

In the classical limit, the 8-, 18-, and 32-site magnetic orders
are stabilized in a similar parameter regime28. Our result indicates
that strong quantum fluctuation melts the competing large unit-
cell orders, leading to the restoration of the translational
symmetry, while the rotational symmetry remains broken. We
have also found that the NP phases appear and survive down to
almost zero field limit in the K-Γ model as shown below. By
increasing the accuracy of the iTPS representation (see Supple-
mentary Note 7), we have confirmed that the NP states are
quantum paramagnet and develop finite magnetization only in
the presence of the field.

In the [111] magnetic field, the nature of the transition between
P and NP1 phases is not clear. Even though the local observables
show finite jumps at the transition, these are not very distinctive
compared to other transitions and may originate from the
inherently biased optimization in ITE, which is analyzed carefully
in Supplementary Note 2. The non-triviality of the NP phases is
revealed by tilting the magnetic field slightly toward the ½11!2"
direction. Figure 3a presents the optimized energy and its second
derivative with respect to Γ=jKj at the tilting angle θ ¼ 5$. Notice

that, owing to the tilted field, the model breaks the rotational
symmetry explicitly, and thus there is no remaining symmetry
discriminating the P and NP phases. Nevertheless, the second
derivative of the energy strongly suggests a continuous phase
transition between the P and NP2 phases (see Fig. 3b) at
Γ=jKj % 0:05. Note that the tilted field with θ > 0 leads to a
transition from the P phase directly to the NP2 phase. On the
other hand, tilting the field in the opposite direction (θ < 0) favors
the NP1 phase and therefore gives rise to a transition from the P
phase to the NP1 phase (see Supplementary Note 6). The
continuous nature of these transitions can be seen even more
clearly in the entanglement entropy (EE)36–38. The boundary
theory of TPS39 has been employed to measure the EE on the
cylinder geometry with the circumference Ly , and the result is
presented in Fig. 3c, d. The NP1 state is highly entangled and its
EE increases with Γ, while the P state has a low and constant EE.
The first derivative of the EE exhibits a peak at the same point as
that of the second derivative of the energy, and it becomes
sharper with increasing Ly and the accuracy of the variational
ansatz (see Supplementary Note 3). Therefore, we conclude that
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磁場中基底状態相図

キタエフスピン液体 “相” の決定と 
新しい非磁性相（ネマチック相）の発見



（余談）最適化によるKitaev スピン液体の研究
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• 虚時間発展では、フラックスが局所解に引っかかる 
• それに対応して、エネルギーが下がらない
（Variational updateだとこの問題は改善する）



有限温度計算への展開



有限温度物性の計算

分配関数

密度演算子期待値

期待値をどう計算する？
1. ハミルトニアンの対角化:

• 次元がO(eN) で大きくなるため、扱えるサイズが制限される
2. 量子モンテカルロ：

• 大きい系を扱えるが、符号問題のために、適用できる系が限られる
3. 密度演算子を近似する→テンソルネットワーク表現
（3.2 分配関数を近似計算する→テンソル繰り込み等）



密度行列のテンソルネットワーク表現

1. 直接 TPO で表す

Pros: • アルゴリズムがシンプル

Cons: • 近似された密度演算子は負や複素数の固有値を含み得る 
• Full update法を適用する場合、計算コストが増大

２種類のテンソルネットワーク表現が考えられる
(cf. A. Kshetrimayum et al, PRL 122, 070502 (2019))

2. 局所的な純粋化

Pros: 

Cons: 

• 近似された密度行列は半正定値性が保証される
• Ancilla 自由度の最適化が複雑 
• 直接表現に比べてボンド次元が大きくなる可能性

Gemma De las Cuevas et al, New J. Phys. 15, 123021 (2014)

(cf. Czarnik et al, PRB 99, 035115 (2019))

ancilla
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（簡単な）二次元無限系への適用例
どちらの方法も、ベンチマーク計算ではそれなりに上手くいく

Target: キタエフ模型の有限温度物性

H ¼ −
X

hi;ji
σziσ

z
j; ð4Þ

where σz is the Pauli-Z matrix supported on site j. The
thermal density matrix at inverse temperature β can be
written as

ρ ¼ eβ
P

hi;ji σ
z
i σ

z
j ¼

Y

hi;ji
ðcosh βI þ sinh βσziσ

z
jÞ: ð5Þ

The expression in Eq. (5) is nothing but a product over the
links of two-site matrix product operators (MPOs) with
bond dimension two. The product of all such MPOs on a
square lattice amounts to an exact PEPO with bond
dimension D ¼ 2, as claimed. Thus, the fact that this
model allows for an exact PEPO representation for any
β > 0 implies that it is an excellent model to benchmark
our numerical method. Following this idea, we obtain the
PEPO for the thermal density matrix by using our numeri-
cal technique. The results are depicted in Fig. 2, where one

can see that our algorithm produces remarkably accurate
results.
Results for Bose-Hubbard models.—Next, we apply our

method to study the finite-temperature properties of a
nonintegrable model, specifically the Bose-Hubbard model
on the infinite square lattice. The model is itself very
relevant in the context of ultracold atom experiments with
optical lattices. Moreover, real-life laboratory conditions
imply small thermal fluctuations, which we can conven-
iently target via our method. The ground state properties of
this model have been widely studied with a variety of
methods. For finite temperature, quantum Monte Carlo
methods are still applicable providing benchmark results
[40,41], but not in the case of a sign problem, in contrast to
the method used here [42].
We start by considering the hard-core limit, i.e., the

situation when only one boson per site is allowed at most,
and therefore we have a local Fock space of local
dimension two. The Hamiltonian is given by

H ¼ −J
X

hi;ji
ða†i aj þ a†jaiÞ −

X

i

μn̂i; ð6Þ

where the real J is the hopping strength, a†i and ai are the
hard-core bosonic creation and annihilation operators at site
i, μ is the chemical potential, and n̂i ≔ a†i ai is the number
density operator. In this limit the model is equivalent to the
quantum spin-1=2 XY model in the presence of an external
field. This is because the hard-core bosonic creation
and annihilation operators can be written in terms of
spin raising and lowering operators as a†i ≔ Ŝþ ¼
1
2 ðσ

x
i þ iσyi Þ, ai ≔ Ŝ− ¼ 1

2 ðσ
x
i − iσyi Þ, and n̂i ≔ a†i ai ¼

1
2 ðσ

z
i þ IÞ. Using this mapping, the model can be written

in terms of the spin-1=2 Hamiltonian:

H ¼ −
J
2

X

hi;ji
ðσxi σxj þ σyi σ

y
jÞ þ

μ
2

X

i

σzi : ð7Þ

We have computed the thermal phase diagram of this model
using our annealing algorithm, and for completeness and
comparison, also the zero-temperature properties with
infinite PEPS [22,43]. The particle density (PD) hn̂ji is
shown in Fig. 3 for bond dimension D ¼ 2, 3 and different
temperatures T, as a function of the chemical potential μ
and taking J ¼ 1. For very low temperatures T ≈ 0, we see
that hn̂ji ¼ 0 for μ ≤ −4 and hn̂ji ¼ 1 for μ ≥ 4. These
regions in the phase diagram contain thus an integer
number of bosons per site and correspond to a Mott
insulating (MI) phase, whereas the region −4 < μ < 4 is
in the superfluid (SF) phase, as revealed by the superfluid
parameter (SFP). As the temperature increases, the size of
the SF phase shrinks, until eventually disappearing around
T ≈ 1. This is seen from the disappearing nonzero value of
SFP at higher T. We conclude that the SF-MI transition is

FIG. 2. Finite-temperature phase diagram of the ferromagnetic
Ising model on an infinite square lattice. Dashed line corresponds
to Onsager’s exact solution [39], while the blue circles are
obtained using our approach with bond dimension D ¼ 2. In
the inset we show the relative error. Notice that the error increases
around the critical value of β, as expected from CTM contraction
methods when dealing with a large amount of correlations.
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FIG. 9. In (a), m′(T ) for hx = 2.5 and D = 5. The blue dashed
line shows the QMC Tc. In (b), Tc is estimated by fitting the scaling
Eq. (23) of m′ peaks T ∗(hz ). Here we use 0.0005 ! hz ! 0.01 and
D = 5. We obtain Tc = 1.2745(7) and 1/β̃δ = 0.549(4). The ob-
tained Tc agrees with the QMC Tc = 1.2737(6) [80], while obtained
1/β̃δ is close to the exact value 1/β̃δ = 8/15 ≈ 0.533 (it differs
from the exact value by 3%).

estimate Tc = 1.2737(6) [80] and 1/β̃δ is within 3% of the
exact value 8/15.

For hx = 2.9, quantum fluctuations are stronger making
the estimation more challenging. Using 0.0005 ! hz ! 0.01
and D = 5 we obtain Tc = 0.6055(10) and 1/β̃δ = 0.563(4),
see Fig. 10. These estimates are within 0.5% and 6%, re-
spectively, of the QMC’s Tc = 0.6085(8) [80] and the ex-
act 1/β̃δ = 8/15. We find that results are converged in the
Suzuki-Trotter step and the environmental bond dimension for
dβ = 0.005 and χ = 25, respectively.

E. Thermal states with the eeFUd algorithm

Next we test the eeFUd algorithm with disentanglers,
comparing it to the eeFU algorithm without the disentanglers
for the more challenging hx = 2.9. We compare the magne-
tization and Tc, 1/β̃δ obtained by the scaling Eq. (23), see
Fig. 11 and Table I. We see that for D = 4 results obtained
with disentanglers are closer to convergence in D than those
without disentanglers. For D = 4 the Tc and 1/β̃δ estimated
with disentanglers are an order of magnitude more accurate
than those without disentanglers. For D = 5, which is large
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FIG. 10. In (a), m′(T ) for hx = 2.9 and D = 5. The blue dashed
line shows the QMC Tc. In (b) Tc and 1/β̃δ are estimated by fitting
the scaling Eq. (23) of m′ peaks T ∗(hz ). Here we use 0.0005 ! hz !
0.01 and D = 5 obtaining Tc = 0.6055(10) and 1/β̃δ = 0.563(4).

enough to obtain good accuracy also without disentanglers,
both methods give similar results.

We conclude that it is possible to improve accuracy by us-
ing the disentanglers. The better accuracy with disentanglers
comes at a price of more iterations of the optimization loop
Eq. (18) and larger reduced tensors, see Appendix A. The
cost of an iteration of the optimization loop is subleading as
compared to the cost of the CTMRG.

F. Thermal states with the FU algorithm

We compare results obtained by the more efficient FU al-
gorithm with the approximate environment and the eeFU with
the exact environment. Figure 12 shows that both algorithms
give very similar magnetization plots. The estimates of Tc and
1/β̃δ listed in Table II are also the same within their error bars
which are also similar. We conclude that quality of the results
is the same for both algorithms.

G. Thermal states with simple update (SU) algorithm

One can consider simplifying and accelerating the algo-
rithm even further by replacing the full update (FU) of the
PEPS tensors with the simple update (SU) [26]. The SU
truncates the enlarged bond dimension kD by means of a
singular value decomposition of the pair of PEPS tensors.
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横磁場イジング模型イジング模型

“難しい”模型への適用はどうだろうか？



Target: ハニカム格子キタエフ模型

キタエフ模型
x-bond

y-bond

z-bond

：相互作用の方向

A. Kitaev, Annals of Physics 321, 2 (2006) 
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FIG. 1: (color online). (a)-(d) T dependences of the specific heat at (a) α = 1.0, (b) α = 0.8, (c) α = 0.75, and (d) α = 0.5 in the
several clusters with 2 × L2 spins. Here, we define the anisotropy parameter α by taking Jx = Jy = α/3 and Jz = 1 − 2α/3. (e)-(h) T
dependences of the entropy per site, S, and the thermal average of the density of the fluxWp,W . (i)-(l) T dependences of the equal-time spin
correlations, Sll; Sp = (Sxx + Syy)/2. The horizontal dashed lines represent the values at T = 0 which are calculated analytically [18], and
the dashed-dotted curves represent the high-T Curie behaviors Sll ∼ Jl/T .
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FIG. 2: (color online). Contour map of the entropy per site, S/ ln 2,
on a plane of T and α. The dashed line represents crossover temper-
ature obtained by the perturbation theory in the limit of Jz $ Jx, Jy

(α % 1). The dashed-dotted line represents the crossover tempera-
ture obtained by assuming the constant DOS. NNC stands for a NN
correlation.

C. Low-T crossover: flux density

Next, we discuss what occurs in the low-T crossover. The
entropy release near TL originates from the localized Majo-
rana fermions c̄j or ηr. This is confirmed by calculating the
T dependence of the flux density, W , in Eq. (7), as shown
in Figs. 1(e)-1(h). The results show thatW rapidly decreases
from 1 with increasing T in the vicinity of TL. Hence, the
crossover at TL is due to the thermal fluctuation of fluxes.
This is further confirmed by considering the toric code limit

corresponding to Jx, Jy ! Jz (α ! 1). In this limit,
the Kitaev model is reduced to the effective model Heff =

−Jeff
∑

p Wp, where Jeff = J2
xJ

2
y/(16J

3
z ) [7]. Since this ef-

fective model describes free Ising spins in the magnetic field
Jeff , the specific heat is of Schottky-type, which takes a max-
imum at T̃L/Jeff ∼ 0.833. The asymptotic behavior is shown
by the dashed line in Fig. 2. The agreement between this line
and TL further supports that the low-T crossover is caused by
the thermal disturbance of fluxes.
We also note that the agreement of the asymptotic behav-

ior is consistent with the absence of phase transition in this
two-dimensional system. This is in contrast to the three-
dimensional case; there are local constraints forWp in the Ki-
taev model defined on a three-dimensional hyperhoneycomb
lattice, leading to a finite-T phase transition [16]. On the other
hand, there is no constraint for Wp in the two-dimensional
case, which results in the absence of the phase transition for
T > 0.
To summarize the above results, the three regions in the

phase diagram depicted in Fig. 2 are characterized as follows.
The high-T region for T ! TH is a conventional paramagnetic
state, where the NN spin correlations obey the Curie behavior.
On the other hand, in the low-T region for T < TL, the NN
spin correlations are saturated to the T = 0 values, and fur-
thermore, the fluxes are also aligned. Thus, the system below
TL behaves similar to the ground state QSL. In the region for
TL " T " TH, a peculiar intermediate state appears: the NN
spin correlations are well developed, whereas the fluxes are
thermally disordered. In the following sections, we discuss
the nature of this intermediate state.

D. Density of states of itinerant Majorana fermions

Since the Z2 variables ηr couple with the itinerant Ma-
jorana fermions, we expect that the enhanced fluctuations
of fluxes above TL affect the nature of itinerant Majorana
fermions considerably. In order to elucidate such behavior, we
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この状態はVortex free 条件を満たす

フラックス:

• 有限温度では比熱に二つのピークが現れる

4

(a) (b) (c) (d)α=1.0 α=0.8 α=0.75 α=0.5

0.0

0.2

0.4

0.6

0.8

L=6
L=8

L=10
L=12

 10-4  10-3  10-2  10-1  100  10+1

T
 10-4  10-3  10-2  10-1  100  10+1  10-4  10-3  10-2  10-1  100  10+1  10-4  10-3  10-2  10-1  100  10+1

C
v

S
 /
 ln

 2
, 
 W

S
p

S
zz

,

T T T

(e) (f) (g) (h)

(i) (j) (k) (l)

L=6
L=8

L=10
L=12

S/ln2 W

L=6
L=8

L=10
L=12

Sp Szz

0.0

0.2

0.4

0.6

0.8

0.0

0.2

0.4

0.6

α=1.0 α=0.8 α=0.75 α=0.5

α=1.0 α=0.8 α=0.75 α=0.5

FIG. 1: (color online). (a)-(d) T dependences of the specific heat at (a) α = 1.0, (b) α = 0.8, (c) α = 0.75, and (d) α = 0.5 in the
several clusters with 2 × L2 spins. Here, we define the anisotropy parameter α by taking Jx = Jy = α/3 and Jz = 1 − 2α/3. (e)-(h) T
dependences of the entropy per site, S, and the thermal average of the density of the fluxWp,W . (i)-(l) T dependences of the equal-time spin
correlations, Sll; Sp = (Sxx + Syy)/2. The horizontal dashed lines represent the values at T = 0 which are calculated analytically [18], and
the dashed-dotted curves represent the high-T Curie behaviors Sll ∼ Jl/T .

α

spin disordered, flux disordered

spin NNC, flux disordered

spin NNC, flux “aligned”

 10-5

 10-4

 10-3

 10-2

 10-1

 100

 10+1

T

0.50 0.75 1.00 1.25 1.50
0.00

0.25

0.50

0.75

1.00
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on a plane of T and α. The dashed line represents crossover temper-
ature obtained by the perturbation theory in the limit of Jz $ Jx, Jy

(α % 1). The dashed-dotted line represents the crossover tempera-
ture obtained by assuming the constant DOS. NNC stands for a NN
correlation.

C. Low-T crossover: flux density

Next, we discuss what occurs in the low-T crossover. The
entropy release near TL originates from the localized Majo-
rana fermions c̄j or ηr. This is confirmed by calculating the
T dependence of the flux density, W , in Eq. (7), as shown
in Figs. 1(e)-1(h). The results show thatW rapidly decreases
from 1 with increasing T in the vicinity of TL. Hence, the
crossover at TL is due to the thermal fluctuation of fluxes.
This is further confirmed by considering the toric code limit

corresponding to Jx, Jy ! Jz (α ! 1). In this limit,
the Kitaev model is reduced to the effective model Heff =

−Jeff
∑

p Wp, where Jeff = J2
xJ

2
y/(16J

3
z ) [7]. Since this ef-

fective model describes free Ising spins in the magnetic field
Jeff , the specific heat is of Schottky-type, which takes a max-
imum at T̃L/Jeff ∼ 0.833. The asymptotic behavior is shown
by the dashed line in Fig. 2. The agreement between this line
and TL further supports that the low-T crossover is caused by
the thermal disturbance of fluxes.
We also note that the agreement of the asymptotic behav-

ior is consistent with the absence of phase transition in this
two-dimensional system. This is in contrast to the three-
dimensional case; there are local constraints forWp in the Ki-
taev model defined on a three-dimensional hyperhoneycomb
lattice, leading to a finite-T phase transition [16]. On the other
hand, there is no constraint for Wp in the two-dimensional
case, which results in the absence of the phase transition for
T > 0.
To summarize the above results, the three regions in the

phase diagram depicted in Fig. 2 are characterized as follows.
The high-T region for T ! TH is a conventional paramagnetic
state, where the NN spin correlations obey the Curie behavior.
On the other hand, in the low-T region for T < TL, the NN
spin correlations are saturated to the T = 0 values, and fur-
thermore, the fluxes are also aligned. Thus, the system below
TL behaves similar to the ground state QSL. In the region for
TL " T " TH, a peculiar intermediate state appears: the NN
spin correlations are well developed, whereas the fluxes are
thermally disordered. In the following sections, we discuss
the nature of this intermediate state.

D. Density of states of itinerant Majorana fermions

Since the Z2 variables ηr couple with the itinerant Ma-
jorana fermions, we expect that the enhanced fluctuations
of fluxes above TL affect the nature of itinerant Majorana
fermions considerably. In order to elucidate such behavior, we

p: plaquette

J. Nasu et al PRB 92, 115122 (2015) (QMC)

低温のピークはフラックスの成長に対応

この振る舞いを iTPO で再現できるか？

(cf. H.-Y. Lee, et al, PRL (2019))



（余談）MPOによる有限系の計算
擬一次元の有限サイズクラスーでは、TPOではな
くMatrix product operator (MPO)も使える

(Periodic)

(O
pe

n)

この場合、MPOの “カノニカル形式” 
のおかげで高精度計算ができる
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しかし、真の二次元系（特に無限系）
の計算はMPOでは困難 (T. Okubo, J. Nasu, T. Misawa, 

and Y. Motome, in preparation)

大久保毅, 固体物理 Vol. 57, No.11, 633 (2022).

(cf. H. Li et al., PRR 2, 043015 (2020))



手法：iTPO
• Infinite TPO  
• 最適化：虚時間発展 + Suzuki-Trotter decomposition 

• simple update 
• cluster update  

• 物理量計算（TNの縮約）： Corner Transfer Matrix method.

D: ボンド次元

Simple update cluster update



結果：比熱とフラックス

比熱

• 小さなD では比熱のダブルピーク構造は見られない 
• D の増大で、低温のピークが再現できる 

• このピークはフラックスの増大と関係している

フラックス
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FIG. 2: (color online). Contour map of the entropy per site, S/ ln 2,
on a plane of T and α. The dashed line represents crossover temper-
ature obtained by the perturbation theory in the limit of Jz $ Jx, Jy

(α % 1). The dashed-dotted line represents the crossover tempera-
ture obtained by assuming the constant DOS. NNC stands for a NN
correlation.

C. Low-T crossover: flux density

Next, we discuss what occurs in the low-T crossover. The
entropy release near TL originates from the localized Majo-
rana fermions c̄j or ηr. This is confirmed by calculating the
T dependence of the flux density, W , in Eq. (7), as shown
in Figs. 1(e)-1(h). The results show thatW rapidly decreases
from 1 with increasing T in the vicinity of TL. Hence, the
crossover at TL is due to the thermal fluctuation of fluxes.
This is further confirmed by considering the toric code limit

corresponding to Jx, Jy ! Jz (α ! 1). In this limit,
the Kitaev model is reduced to the effective model Heff =

−Jeff
∑

p Wp, where Jeff = J2
xJ

2
y/(16J

3
z ) [7]. Since this ef-

fective model describes free Ising spins in the magnetic field
Jeff , the specific heat is of Schottky-type, which takes a max-
imum at T̃L/Jeff ∼ 0.833. The asymptotic behavior is shown
by the dashed line in Fig. 2. The agreement between this line
and TL further supports that the low-T crossover is caused by
the thermal disturbance of fluxes.
We also note that the agreement of the asymptotic behav-

ior is consistent with the absence of phase transition in this
two-dimensional system. This is in contrast to the three-
dimensional case; there are local constraints forWp in the Ki-
taev model defined on a three-dimensional hyperhoneycomb
lattice, leading to a finite-T phase transition [16]. On the other
hand, there is no constraint for Wp in the two-dimensional
case, which results in the absence of the phase transition for
T > 0.
To summarize the above results, the three regions in the

phase diagram depicted in Fig. 2 are characterized as follows.
The high-T region for T ! TH is a conventional paramagnetic
state, where the NN spin correlations obey the Curie behavior.
On the other hand, in the low-T region for T < TL, the NN
spin correlations are saturated to the T = 0 values, and fur-
thermore, the fluxes are also aligned. Thus, the system below
TL behaves similar to the ground state QSL. In the region for
TL " T " TH, a peculiar intermediate state appears: the NN
spin correlations are well developed, whereas the fluxes are
thermally disordered. In the following sections, we discuss
the nature of this intermediate state.

D. Density of states of itinerant Majorana fermions

Since the Z2 variables ηr couple with the itinerant Ma-
jorana fermions, we expect that the enhanced fluctuations
of fluxes above TL affect the nature of itinerant Majorana
fermions considerably. In order to elucidate such behavior, we
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(α % 1). The dashed-dotted line represents the crossover tempera-
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C. Low-T crossover: flux density

Next, we discuss what occurs in the low-T crossover. The
entropy release near TL originates from the localized Majo-
rana fermions c̄j or ηr. This is confirmed by calculating the
T dependence of the flux density, W , in Eq. (7), as shown
in Figs. 1(e)-1(h). The results show thatW rapidly decreases
from 1 with increasing T in the vicinity of TL. Hence, the
crossover at TL is due to the thermal fluctuation of fluxes.
This is further confirmed by considering the toric code limit

corresponding to Jx, Jy ! Jz (α ! 1). In this limit,
the Kitaev model is reduced to the effective model Heff =

−Jeff
∑

p Wp, where Jeff = J2
xJ

2
y/(16J

3
z ) [7]. Since this ef-

fective model describes free Ising spins in the magnetic field
Jeff , the specific heat is of Schottky-type, which takes a max-
imum at T̃L/Jeff ∼ 0.833. The asymptotic behavior is shown
by the dashed line in Fig. 2. The agreement between this line
and TL further supports that the low-T crossover is caused by
the thermal disturbance of fluxes.
We also note that the agreement of the asymptotic behav-

ior is consistent with the absence of phase transition in this
two-dimensional system. This is in contrast to the three-
dimensional case; there are local constraints forWp in the Ki-
taev model defined on a three-dimensional hyperhoneycomb
lattice, leading to a finite-T phase transition [16]. On the other
hand, there is no constraint for Wp in the two-dimensional
case, which results in the absence of the phase transition for
T > 0.
To summarize the above results, the three regions in the

phase diagram depicted in Fig. 2 are characterized as follows.
The high-T region for T ! TH is a conventional paramagnetic
state, where the NN spin correlations obey the Curie behavior.
On the other hand, in the low-T region for T < TL, the NN
spin correlations are saturated to the T = 0 values, and fur-
thermore, the fluxes are also aligned. Thus, the system below
TL behaves similar to the ground state QSL. In the region for
TL " T " TH, a peculiar intermediate state appears: the NN
spin correlations are well developed, whereas the fluxes are
thermally disordered. In the following sections, we discuss
the nature of this intermediate state.

D. Density of states of itinerant Majorana fermions

Since the Z2 variables ηr couple with the itinerant Ma-
jorana fermions, we expect that the enhanced fluctuations
of fluxes above TL affect the nature of itinerant Majorana
fermions considerably. In order to elucidate such behavior, we
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J. Nasu et al PRB 92, 115122 (2015) (QMC)

QMCと比較すると、T < 0.1の領域でiTPOには定量的に 
大きなズレが存在→フラックスが十分に成長してない
このズレの起源は、simple update法の精度

Q. 改善できる？  
A. Cluster update!

比熱 フラックス



Loop cluster update (純粋状態の場合）
フラックスを適切に再現するには？

多体相関をより取り込んだupdeteをするべき

六角形に対する虚時間発展

6つのテンソルを
同時にupdate

* Simple update よりは計算コストが大きい 
* 全体の縮約よりは計算コストは小さい

Simple update:  ２サイトのみが同時updateされる

六角形内の相関が重要

(c.f Kagome lattice, Nat. Commun. 10, 1229 (2019))



Cluster updateによる改善
Specific heat Flux

• Cluster updateにより低温のピークがより明確に
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最適化の改善により、より高精度の計算が可能に
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Γ 模型への適用 (Tentative)

• 大きなDで相転移のような異常が観測された 
• 対応して、格子の回転対称性が低温で破れている

比熱

O =
Ex + Ey! + Ez!

2

|Ex + Ey + Ez|/3
<latexit sha1_base64="TpaNqhRHyg+2yWvuorpGWU5U1Rk="></latexit>

! = e2⇡i/3
<latexit sha1_base64="CfszSGOj3RNhAv5Yjo4bFAZC5QU="></latexit>

回転対称性の破れ

Γ model 基底状態の候補
• Spin liquid 
• Nematic Paramagnet 
• Zigzag

格子の回転対称性 
が破れている

• A. Catuneanu et al, npj. Q. Mat. 3, 23 (2018). 
• M. Gohlke et al, Phys. Rev. B 97 075126 (2018). 
• M. Gohlke et al, arXiv: 2003.11876

有限温度相転移？



まとめ
• 無限系のテンソルネットワーク状態を使って二次元の量子多体系を計算する手法が発展してきている 

• 特に、符号問題が生じるフラストレート磁性体に対して強力 

• iTPS (iPEPS) による、キタエフスピン液体近傍の量子状態の解析 

• 複雑な磁気秩序でも表現可能であり、実験とも比較できる 

• スピン液体状態を定性的に正しく表現するiTPSを直接書き下すこともできる 

• それを初期状態として、複雑な相図も描ける 
• 同様の手法を有限温度の計算にも拡張できる 

• 密度行列をテンソル積演算子（TPO/PEPO）で近似 

• キタエフスピン液体への適用では、低温で虚時間発展の精度が課題 
• クラスターを考慮することにより、精度を改善可能

iTPS/iTPOによる2次元量子系の基底状態・有限温度・実
時間発展の計算

https://github.com/issp-center-dev/TeNeS
Y. Motoyama, T. Okubo, et al., Comput. Phys. Commun. 279, 108437 (2022).

https://github.com/issp-center-dev/TeNeS
https://doi.org/10.1016/j.cpc.2022.108437

