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2d CP(1) model

2d CP(1) model with𝜃 terms

Toy model of 4d QCD

constraintcomplex scalar U(1) gauge field

Action in continum

Common properties : Asymptotic freedom, confinement, 𝜃 terms, etc.

On the square lattice

This model has sign problem

Nathan Seiberg

Phys. Rev. Lett. 53, 637



Haldane’s conjecture

Phase structure
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Strong coupling limit



Ian Affleck and F. D. M. Haldane
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Strong coupling limit

critical

O(3)NLσ ≅CP(1)
predict

Universality class: SU(2)k=1  WZW model

I. Affleck and F. D. M. Haldane

Phys. Rev. B 36, 5291 (1987)



Haldane’s conjecture

Numerical result for CP(1)  
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V. Azcoiti, G. Di Carlo, and A. Galante, Phys. Rev. Lett. 98, 257203 (2007) 

MC＋imaginary 𝜃

0.5?

the universality class is not consistent.



Numerical result for CP(1)  using TRG
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Numerical result for CP(1) using TRG
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Bond-weighted TRG

First-order



Making two improvements

• Initial tensor

•Phase structure analysis method



Initial tensor

Partition function

Tensor network rep.

We need tensor that have finite index for numerical simulation

𝐿
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Using character expansion
∝

1

𝑘

truncate Converge slowly

Initial tensor

New tensor

𝑖, 𝑎 become tensor index

Ryo Sakai et al.(2018)Genz,Keister(1996)Scalar field Gauge field

Previous study

Using quadrature



Comparison of initial tensor

we investigate the error  

comparing the exact value
on  2 × 2 lattice.

character expansion(previous study)

quadrature

New initial tensor is better

𝜃 = 𝜋

𝑁𝑧 = 224, 𝑁𝐴= 120

Parameters



Phase structure analysis method

susceptibility

We use central charge defined in 2d conformal field theory 

Z.C. Gu and X.G. Wen

Phys. Rev. B 80, 155131 –(2009)

Previous study

fitting Z near θ = π is needed

In our study

It is difficult to determine 

the fitting range

K. Nakayama, L. Funcke, K. Jansen, Y.  Kao, and S. Kuhn 

Phys. Rev. D 105,(2022)



2d Conformal field theory

Virasoro algebra

Algebra of 2d conformal transformation

𝑐:central charge

ℎ:conformal weight

𝑐 𝑎𝑛𝑑 ℎ Identify Universality

From the prediction of  Haldane’s conjecture, 

there should be a critical point with c=1



How to compute the transfer matrix
by TRG

transfer matrix of a system with 
periodic boundary conditions 
in the spatial direction. Eigen value

Partition function

n times

coarse-graining
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𝑇𝑖𝑛𝑣

𝑇𝑖𝑛𝑣

𝑇𝑖𝑛𝑣
𝑇𝑖𝑛𝑣

𝑇𝑖𝑛𝑣

When an invariant tensor is obtained under the TRG, 

the transfer matrix corresponds to the CFT one.

From transfer matrix of cft

𝑇𝑖𝑛𝑣

Eigen value

Central charge

Scaling dimension



X

If 𝑇 → ∞, 𝐸0 = 𝐸1, 𝑋 = 2

We find first-order transition up to 𝛽 = 0.5

Parameters

𝑁𝑧 = 226, 𝑁𝐴 = 120, 

𝐷𝑐 = 128, 𝜃 = 𝜋

bond-weight TRG, k = −1/2
D. Adachi, T. Okubo, and S. Todo,

Phys. Rev. B 105, L060402(2022)



Central charge 𝑐 = 1 for 𝛽 ≥ 0.55

Parameters

𝑁𝑧 = 226, 𝑁𝐴 = 120, 

𝐷𝑐 = 128, 𝜃 = 𝜋

coarse-graining by bond-weight TRG, 

k = −1/2



singlet

triplet

Level spectroscopy

Log correction 

is canceled

K Nomura and K Okamoto 1994 

J. Phys. A: Math. Gen. 27 5773



fit

𝑥 = 𝑏 at 0.598

𝑥𝑒𝑟𝑟 = 𝑏𝑒𝑟𝑟 

𝛽𝑚𝑖𝑛 𝛽𝑚𝑎𝑥

𝛽∗ =
𝛽𝑚𝑎𝑥 + 𝛽𝑚𝑎𝑥

2
𝛽∗𝑒𝑟𝑟 =

𝛽𝑚𝑎𝑥 − 𝛽𝑚𝑎𝑥

2

Fitting result



fit

The critical point is found at

Fitting result



Ian Affleck and F. D. M. Haldane

Phys. Rev. B 36, 5291 
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First-order criticalWZW

β = 0.595

Summary

Two improvements

• Initial tensor

• New analysis using CFT : central charge and scaling dimensions

β = 0.55

The critical point predicted by Haldane’s conjecture is found 
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