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Entanglement Entropy (EE): Degree of entanglement
--- Important value for critical phenomena

@ EE is diverged on the quantum ciritical point
@ Extract central charge from EE

» Introduced with CFT - - - Field Theory on cirical point
» There are cases to obtain critical exponent in 2-dim.
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Purpose

Analysis using Tensor Renormalized Group

v Numerical analysis of EE in the 2-dim. Ising model

{
Apply to 2-dim. scalar field theory

1
Verify its usefulness in field theory
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1 + 1-dim. real scalar field ¢! Theory

Lattice Action

s —Z{lzw A—¢>2+“—3¢2+5¢4} (1)
latt. — 9 n+p n 2 n 4 n

p=x,T

I'={n=(ng,n)n,=1,2,---L, (p=2x,7)}, po: bare mass,
Gnspr, = dn: PB.C. A > 0: coupling const.
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Definition of EE

v Separate the total system to 2 sub-systems for A & B

» Hilbert Space: Hiot = Ha @ Hp B A
» Total system size: L L
> Sub-systemsize: L/2 e RSSS -
: . 0
v Total density matrix: p. % %

v Reduced density matrix for A system: pa = Try, prot

EE for A System

Sa = —Try, [palogpa] (2)

Takahiro Hayazaki, ITP Kanazawa 6/20




Introduction Main Topic Summary Reference
feleY YoloYoloYelele}

How to calculate EE

Density matrix calculation procedure [Luo and Kuramashi, 2023]

@ Express p4 as a path integral

@ Discretize the path integral and represent it as tensor network
» Gauss-Hermite quadrature (K: # of sample points)

© Coarse-graining using tensor renormalization group
» HOTRG [Xie et al., 2012] (D.,t: Bond dimensions)

© Calculate p4 using coarse-grained tensors

Parameters: (A, 42), (K, L, Dey)
In the following, we will fix K = 256.
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How to calculate EE

Tensor network representation of p, at zero temperature [Yang et al., 2016]

[pA]a’b ~ L;=al (a>1)

‘ T (Euclidean Time)

I (space)
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How to calculate EE

Tensor network representation of p, at zero temperature [Yang et al., 2016]

Coarse-g ral;g(_ir;e(?sors ! -\ ,: / H Qa Eigenvalue Decomposition
using : : /

[IOA]a,b ~ - [U)\UT]a,b
' b SAN—Z)\ilog)\i
T P.B.C. : i

Z.:172a"' aDCut
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Results

A=0.1,K=256,a=0L,/L, =16
Analysis procedure
@ D... — oo extrapolation of Sa(L, u3)
@ Estimation of 4§ . by Sa-44 fitting
© L — oo extrapolation of renormalized p2
@ Calculating /2
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D..; — oo Extrapolation of EE

Fitting Function

—1
aODcut + aq

!
/ D*az /
aO cut +CL1

f(Da) = (3)

v' D, dependence of EE
» Monotonically increasing for
Dcut — OO

v Error: §|a; — af]
v Median: 1 (a; + a})

Entanglement Entropy: Ss

K=256, A=0.1, L=8192

=
0
-

=
0
o

-
0
©

L L L L L L L
0.0000 0.0025 0.0050 0.0075 0.0100 0.0125 0.0150 0.0175 0.0200

1/Dcut
vV u3=-0.1844

—— linear fit -~ power fit
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D..; — oo Extrapolation of EE

Fitting Function K=256, 4=0.1, L=8192
193F
—1
_ (l()D = aq
f(Dz = P, @
a/ D 2 _"_ a/ &
0~ cut 1 5
g
v D, dependence of EE 2 Loof
» Monotonically increasing for B
1.891
Dyt — 00
v' Error: % |a1 — Clll‘ 0.0000 0.0025 0.0050 0.0075 0.0100 00125 0.0150 0.0175 0.0200
1/Dcut
\/ Medlan % (al + all) vV u3=-0.1844 —— linearfit ---- power fit
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Fitting for S 4-1.3

Fitting Function K=256,A=0.1
1o} ¥ Kadoh et al. ("19)
: v =128
VR o
oy 9o+ qu(pg — o)™ + 2o — 1o, =
£2) = el
1 + p()(/lo — /‘LO,C) ILE 16 L=8192
4 % 15
( )J g 14 “-&
£ oo,
13b
. o S
v Flttlng parameters D0, G0, 41, G2, M%,C Z01850  -0.1845 —oigsao 01835 —0.1830

v 13, - The value of 4§ at which EE peak
v’ qo : Peak EE value
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L — oo extrapolation of renormalized mass: ;.

K=256, A=0.1
Fitting Function 0.00945 —=
0.00940 //”/9é
L\ /
2 _ 0.00935 7
pe(L) = dp % (§> +d;  (5) /
% 0.00930} /
0.00925 JJ/
/
\/ L/2 — 267 277 o ,212 0.00920 F ’;‘/
v This error is due to Dy, — o0 ooomspl ‘ | | | |
extrapolation. 6 7 L R
» Obtain extrapolated values with % u? eachsize
error
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Result for )\ /.

v Results for A = 0.1,0.05 (RD)

v [Kadoh et al., 2019] results (YL)

v Update \/p2 for A = 0.1,0.05 Eh 107k
A Mgy, | Y /“LE]RD 106 ~hossor:
0.1 | 10.568(8) | 10.5807(5) /S S S Om“"“g‘s’
0.05 | 10.72(2) | 10.739(1) st oy T aptnion T
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Result for central charge

Fitting Function
K=256, A=0.1
f(m) = by x m+ b Bl
3 18F
c = E X bo (6)) 51.7»
v Sa=ElnL+k
v’ c: central charge 141
v' k: constant independent of L B
v x-axis: m, # of coarse-graining S S

m, # of coarse — graining times

times (size L = 2m*1)
v’ y-axis: EE at p§ = pi3 .
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Result for central charge

Fitting Function
K=256, A=0.1

f(m) = by x m + by

3

= — b 6 1.7¢

c o X 0o ( )) s

v Sp=tmL+k

V' Ceale. = 0.499(2)
v Cexact = 0.5 121 T ) . . . . .

m, # of coarse — graining times

—— linear fit K EEatpd=p} foreachsize L=2m+1
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Summary

& Dcut dependence of EE
» Monotonically increasing with respect to D,
& 12 dependence of EE
» As the size increases, a tendency for divergence is observed near the
critical point.

& Update \/p2 for A = 0.1,0.05

C
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Future Work

& analyze for smaller A\, and extrapolate A — 0

% Compare the accuracy by calculating 15 . using other calculation
methods

» Method using X
» Impurity Tensor Method

& Two-dimensional fermion model
& Two-dimensional gauge theory
& Extend to 3D and 4D models

Takahiro Hayazaki, ITP Kanazawa 19/20



Reference
[ ]

Reference

[Kadoh et al., 2019] Kadoh, D., Kuramashi, Y., Nakamura, Y., Sakai, R., Takeda, S., and Yoshimura, Y. (2019).
Tensor network analysis of critical coupling in two dimensional ¢* theory.
Journal of High Energy Physics, 2019(5).

[Luo and Kuramashi, 2023] Luo, X. and Kuramashi, Y. (2023).
Entanglement and rényi entropies of (1+1)-dimensional o(3) nonlinear sigma model with tensor
renormalization group.

[Xie et al., 2012] Xie, Z. Y., Chen, J., Qin, M. P, Zhu, J. W,, Yang, L. P,, and Xiang, T. (2012).
Coarse-graining renormalization by higher-order singular value decomposition.
Physical Review B, 86(4).

[Yang et al., 2016] Yang, L.-P, Liu, Y., Zou, H., Xie, Z. Y., and Meurice, Y. (2016).
Fine structure of the entanglement entropy in the 0(2) model.
Phys. Rev. E, 93:012138.

iro Hayazaki, ITP Kanazawa



Appendix
®00

Appendix A: Path integral representation of p,

[palga 4 =% / I Tldot2) e 6alpo — ¢ - dalpro — 67

—oo<7<—0, z€A
+0<7<00

(A1)

where

Salto— 0] = [ 0(o(z) — ¢(x)),  dro = d(7 = £0),

€A

Z = / [ 1T Hdgb(T,a:)] ¢=S5le)

—oo<T<O I
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Appendix B: Fitting for S, — u2 (A = 0.0

Flttlng Function . K=256,A=0.05
2 2 )2 2 24 1:8,
oy Qo+ q(po — o) + q2(pg — g, ;
fug) = ——
1 +p0(/’LO - ILLO,C) 216}l . ¢ o B
(4) él.s— °f ' §¥#
B e A A
‘/ Fitting parameters: p07 q(), qu q27 ILL%,C -0, 1012K d—hD.IOIIO(‘IQZO.IDSgB Li:.llzl)OG ;0.1\_070:096—0.1002
v 113, - The value of 1§ at which EE peaks 2 e e "

v' qo : Peak EE value
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Appendix C: Calculation of ;°

1-loop correction

= g+ 3NA(p?)
L L

oy L :
A(p”) = 72 Z Z p? + 4sin? (nky /L) + 4sin? (ko /L) (A.4)

k1=1 k2=1
v Self Consistent Eq. v' Stopping condition
» Calculation using False > f(p?) = p? — pd — 3NA(u?)

Position Method > [f(u2)| < e=10710

Takahiro Hayazaki, ITP Kanazawa 23/20



	Introduction
	Main Topic
	Summary
	Reference
	Appendix
	Appendix


