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Background: mass spectrum of QCD

. gquark confinement in Quantum ChromoDynamics (QCD)
-+ low-energy d.o.f. are not quarks but composite particles (hadrons)

@9?6 000

. hadrons are much heavier than quarks

u/d quark: m, ~2 MeV, m, ~5 MeV
7T+ meson (u, d): 140 MeV > m, + m,

proton (u, u, d): 938 MeV > 2m, + m,

. nonperturbative calc. is essential to understand the properties of hadrons

motivation:
Numerically investigate low-energy spectra of gauge theories such as QCD



Mass spectrum by lattice QCD

. well-established method:
Monte Carlo simulation of the lattice gauge theory (Lagrangian formalism)

. Obtain hadron masses from imaginary-time correlation functions

: C(z+ 1)
C(t) = ) (0(0,0)0(x,7)) ~e ™M —> effective mass: m.4(r) = — log ~ M
eff C(T)
X
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Hamiltonian formalism

% Monte Carlo method cannot be applied to models with complex actions

—> sign problem (finite density QCD, topological term, real-time evolution, :--)

¢ lensor network and quantum computing in Hamiltonian formalism
can be complementary approaches!

= free from the sign problem
= analyze excited states directly

aim of this work:
computing the hadron mass spectrum

IN Hamiltonian formalism that is applicable
even when the sign problem arises




Short summary

. demonstrate three distinct methods to compute the mass spectrum
of the 2-flavor Schwinger model at 0 = 0 JHEP11 (2023) 231

(1) correlation-function scheme
(2) one-point-function scheme
(3) dispersion-relation scheme

. Improve and extend them to the case of 8 # 0 JHEPO9 (2024) 155

(1)+(2) improved one-point-function scheme
(3) dispersion-relation scheme

. 0-dependent spectra by these schemes are
consistent with each other and with calculation in the bosonized model
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Outline

1. 2-flavor Schwinger model and calculation strategy



Schwinger model with two fermions

Schwinger model = Quantum ElectroDynamics in 1+1d

. simplest nontrivial gauge theory sharing some features with QCD

<L = lFF/“”’Iee F””+2
492 M 4 *

ey (aﬂ + iAﬂ) Wy — mz/'/fl//f] sign problem it 6 # 0

. quantum numbers:

Ny=2—> three "mesons”

isospin J, parity P, G-parity G = Ce"™»
o — 5 . PG —
N, = —1 T - J — 1]
. P and G are broken at 6 # 0 a VrtaW
- JPG — ot

—> 1 becomes unstable - =
due to n—m m decay and n-0 mixing . PG _ -




Calculation strategy

setup: staggered fermion with open boundary

gza N=2 9\ 2 Ny _; N=2
H=22% (L - + ) [= ( YU 5
2 nZ::‘) ( 27r> Z:‘ 2a nz::‘) Apn = n&f]

rewrite to the spin Hamiltonian
by Jordan-Wigner transtformation
after solving Gauss law and gauge fixing

1200

obtain the ground state as MPS by
density-matrix renormalization group (DMRG)

Q

600

\1/

C++ library of ITensor is used
[Fishman et al. (2022)] _,

Kogut & Suss

Dempsey et a

KInd (1975)]
. (2022)]
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Correlation function?

correlation function with spatial integral in lattice QCD

—> zero-momentum projection: )" (6(0,0)6(x, 7)) ~ ¢

. . . . . effective mass of T meson
equal-time correlator in Hamiltonian formalism

1 16/2m=10.0
—> C(r) = (0(0,0) O(r,0)) ~ —e™M" 0.60
I &
0.55F &
. dlog C(r o T P
—> effective mass: M (r) = gc) ~—+M ¥ ot
dr r = 0.50} &% S el 10-1c
S €=
: £=10"12
bond dim. must be large enough 0,45(.) o e=10-14
: M » A g=1071°
to see 1/r behavior ) a0 fit by a/r + M

— _ 0.00 0.05 0.10 015 020 025 0.30
I significant truncation effect 1/r
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One-point-function scheme

Regarding the boundary (defect) as the source of mesons,
obtain the masses from the one-point functions

I pt. function (6(x)).,. measures the correlation with the boundary state |bdry)

obc

|bdry) has translational invariance in time direction

—> zero-momentum projection —> exponential decay  p,|bdry) =0

S L

X

(OX))ope ~ (bdry [0 0)p i ~ €™

—
boundary state O(x)

—uclidean space
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ct.) wall source method
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Some technical improvement

-We attach "the wings” to the lattice

e.g.) Dirichlet b.c. -+ my;,, > m
small mass
< wings —>< bulk ~< wings =
Muyings | m - Mvings
]
—aN yings 0 O(x) L=a(N—-1) L+aN

- The boundary must have the same quantum number as the target meson
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Result of sigma and eta mesons

. For the singlet mesons, we set the Dirichlet b.c. my;,s = mg > m
. Assuming (O(x)) ~ Ae ¥ 4 Be=M+aM)x N =320, a = 0.25

we fit the effective mass by M + to obtain M

1 + CeAMx
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log|(r(x))|

Result of pion

. (#n(x)) = 0 for the Dirichlet b.c. since such a boundary is isospin singlet

. We apply a flavor-asymmetric twist my,., = myexp(£iAy’) N =320, a = 0.25
in the wings to induce the isospin-breaking effect m = 0.1, my =10, A =0.1
summary
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Dispersion-relation scheme

Obtain the dispersion relation E = \/k? + M? directly
from the excited states (momentum excitations of the mesons)

. 7-th excited state |¥,)
= the lowest energy eigenstate satisfying (¥,.|¥,) =0 for £ =0,1, ---,£ -1

. Stoudenmire & White (2012)]
. obtained by DMRG, to H Banuls et al. (2013)]

£—1 £—1
: 2
Hy=H+ W) |¥,)¥,| —> cost function: (¥,[H|W¥,) + W )| [(¥,|¥,)] W >0
£'=0 £'=0

measure E and K = Z de w!(i0, — Ay
' f
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Energy spectrum at 6=0

. momentum square: AKZ = (K?), — (K?),

.identify the states by measuring - J% J, G=Ce™
L=19.8, N=100, m=0.1, 6 =0
Lol T 1] 06 T T T T T T Tese.
® O o O ¢
energy o000 05/ Momentumsz

0.8r oeo0® 1 .2
LLCID()6- © 6 o _%0-4' o 0 0
| o e 0 | 0.3} o .
i 0.4r °1° - 5 ® 00

| triplets — 77 X 0.2 |

0.21 singlets > ocorn? |1 o1; 0o 0 coo !

L | | | | | | | | | | | L ® ill ® | | | | | ° | | lll | |
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—> pion (Jf¢ =177)

. singlets: J*=0, J. =0,
G>0(£=13,1422) —

. triplets: J*=2, J.=(0,x1), G>0

triplets

Result of quantum numbers

G<0(Z=1823) — eta meson (J'° =0")
/ J? 7. G
0 | 0.00000003 | -0.00000000 | 0.27984227
13 | 0.00000003 | 0.00000000 | 0.27865844 |
4 | 0.00000003 | 0.00000000 | 0.27508176

singlets |1

!Z_ 0.00000028 | 0.00000006 | -0.27390909 )

Qo

22

0.00001537

0.00000115

0.26678987

23

0.00003607

-0.00000482

-0.27664779

19

14 J? J, G

"1 | 2.00000004 | 0.99999997 | 0.27872443"
2 | 2.00000012 | -0.00000000 | 0.27872416
3 | 2.00000004 | -0.99999996 | 0.27872443
4 | 2.00000007 | 0.99999999 | 0.27736066
5 | 2.00000006 | 0.00000000 | 0.27736104
6 | 2.00000009 | -0.99999998 | 0.27736066
7 | 2.00000010 | 1.00000000 | 0.27536687
8 | 2.00000002 | 0.00000000 | 0.27536702
9 | 2.00000007 | -0.99999998 | 0.27536687
10 | 2.00000007 | 0.99999998 | 0.27356274
11 | 2.00000005 | 0.00000001 | 0.27356277
12 | 2.00000007 | -0.99999999 | 0.27356274
15 | 1.99999942 | 0.99999966 | 0.27173470
16 | 2.00000052 | 0.00000000 | 0.27173482

17 | 2.00000015 | -1.00000003 | 0.27173470,
19 | 2.00009067 | 1.00004377 | 0.27717104
20 | 2.00002578 | -0.00000004 | 0.27717020
21 | 2.00003465 | -1.00001622 | 0.27717104




Extensionto 6+ 0

. G-parity is no longer the guantum number —> n disappears

. singlet projection to obtain o with reasonable computational cost

£—1
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Result of dispersion relation

. plot AE, against AK? and fit the data by AE =+/b>AK” + M? for each meson
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Summary

. The two schemes give consistent results and look promising

. consistent with predictions by the bosonization

M _(0) x | cos(6/2) \2/ >

M (0)/IM (0) =+/3

1 I I I

0.8

H-H-8-m 5 u
0.6 |- E}‘E]“Ej-\ : E] :

JT Mass

0.4 |

[Fukaya & Onogi (2003)]

02} Monte Carlo (reweighting) \

2/3data:- ------ i |
0.647cos’”(6/2) ----

—— — — — — —

0

0 0.2 0.4

0/7

0.6

0.8

[Coleman (1976)] [Dashen et al. (1975)]

applicable even in large 6 region!

< x+poB

1.0
i
0.8}
X ........ X\.\'\.
0.6} X ~~._
3.
\,\
04"E ———_E ______ E ~~~~~~~ \.\'x.
*Ell\\ N\,
0.2 N
our work (DMRG) X
0.0 0.2 0.4 0.6 0.8 1.0
6/n
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o - 1pt. fn.

n - 1pt. fn.

T - disp. rel.

o - disp. rel.
n - disp. rel.
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Future prospect

. Extension to 2+ 1 dimensions, where the gauge field is dynamical

. Application to the model with chemical potential:
How the spectrum changes in the high-density region?

. Analyses using the wave functions of the excited states:
scattering problem, entanglement property, etc.
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Discussion

(1) correlation-function scheme
= generic method applicable to any case / off-diagonal elements

& sensitive to the bond dimension of MPS —> @ quantum computer?

(2) (improved) one-point-function scheme
= NOT sensitive to the bond dimension / easy to compute

@ only the lowest state of the same quantum number as the boundary

(3) dispersion-relation scheme
= obtain various states heuristically / directly see wave functions

@ how to generate excited states efficiently?
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Thank you for listening.



CFT-like behavior at 6=m

bond dim. of MPS grows up with N at § = » — gapless?

cf.) bond dim. D bounds the entanglement entropy of MPS: Sir < logD

1+1d gapped -

_ _ ] 1400} +I 9/21‘[=(I).0 | | | éO il
—> D Is Independent of the size N X 6/2m=0.3 o
O 62m=0.5 o
1200} o
O
1+1d gapless : 000l o
Q 200 P typical
. /3 - . i
—> Increases by power D ~ N¢ 4 hond dim.
600 4
. central charge ¢ =1 In this case o x X X X X X X X X X X X X X
o o _ 400 % + + + + + + 4+ + 4+ + 4+ o+ o+ 4
(deviation due to the finite a exists) BT T R LT BT T R T T

27

N




CFT-like behavior at 6=m

o2 Coleman (19706)]
~ € Dempsey et al. (2024)]

cf.) SU(2)1 WZW model with marginally relevant J,J, deformation

. For the finite size L, the energy scale below O(1/L) is invisible )

. L _ me'2 complex plane
—> system is CFT-like if L < ™7™’/ o= PIER b

our setup - L=80,m=0.1, g =1 tiny
| | wzw crT | eSS 9eP
. compare the numerical result of 1pt. functions .
with the analytic calc. of WZW model
SPT triviall
(Haldane) Y
gapped

- phase



(o(x))

1pt. function of T and o at =7

Dirichlet b.c. = {(6(x))

Isospin-breaking b.c. = (z(x)) «

\/ sin(zx/L)

sin[A(1 — 2x/L)]

mirror-image method
cf.) appendix A of JH

. \/sm(irx/L)
~0.05 0.030
C\
—0.10 Moccoccccccccccccccccc_ 0.025}F 5
 0?% 0.020}
~0.15} 0 _
g % 0.015}
@ E
-0.20f sigma meson 1=
O O 0010 B
—0.25}F © at 9 =7
| 0.005}
—0.30; - = - - 0.000!
X
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Correlation-function sheme

effective mass: M, (r) =

dr

spatial 2-point correlation function: C_(r) = (z(x)n(y)) ~

log C.(r) ~ — + M

r

_e_
’/'a

Mr

. 1 /r behavior is observed only when the bond dim. is large

. Mass Is given by r — «o extrapolation
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Degeneracy of the ground states

. one ground state + three 1st excited states

are observed by DMRG at 6=21r. |
energy gap ot the #-th excited state

. energy gap ~exp(—M_L) — 0 a=0.25 m=0.1, 8 =2n

109
W m e mmm e m S W m v
. solve AE, = C,+ exp(—ML + C,) for ¢ = 1, L o-1
M = 0.41767, C, = — 0.00002, C, = 2.33326 o |
Yol T AE ~ exp(—M,L)
. cf.) M_=0.4175(9) by 1pt-fn. scheme W =1 - -
1073 ** L=2 Tl E
-a- (=3 T ]
¥ (=4 *
105 16 18 20 22 24
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L ocal observables

. local scalar condensate yy, + wy, (ISOSpin singlet) at 0 =2x#

. degeneracy In L -

small L
L=14.8, a =0.25, m=0.1, 6 =2nmn
=0
Bl L ~l 3,
: o [1=2 .
_0.2' ¢ ® N £=3 .o‘
L L 3
* o @
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large L
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{ Jz(X))4

Local iIsospin

. finite L : singlet + triplet

small L
L=14.8, a=0.25, m=0.1, 6 =2

0.02r

0.01¢t

0.00 [e2e00023828888ssess0000000000ernnsenesstssssssssssiisodils |

e K = O kA‘A
—0.01¢t at /=1 a
AA ] E — 2
—0.02Fs , Lt . £1=3
0 5 10 15
X

{ J2(X))s

—>

0.02}

0.01}

0.00

—0.01¢}

—0.02¢

. . |
local isospin j.(x) = E(z//jy/l —yy,) atd=2x

S ——

L=19.8, a =0.25, m=0.1, 6 =2n
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20

( Jz(X))s

L - o : doublet x doublet
INnteraction Is suppressed exponentially and the edge modes are decoupled

large L
L=24.8, a=0.25, m=0.1,6=2n
O . 02 B ”.’. ”’0’0”_
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0.01 ’0,’%’ ”,0’
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Electric charge and electric field

. charge density: p(x) = yy; + yly,

. Induced electric field: L(x) = J

0.2

0.1

0

(p(x)),

—0.1¢

—0.27¢

X

0

L=19.8, a =0.25, m=0.1, 6 =2nm

dy p(y)

0.0

¢+ 0=0
6=2mn

s
++++

++++
o+

charge density

5 10 15

20

Lix)=-1

cancel the background electric field
E=02z=+1from 6 term

L=19.8, a =0.25, m=0.1, 6 =2nm

0.5

++++++
+4 ++

0.0F PR

o
Il
< 702 electric field
~J
~1.0}
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