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◉ Tensor renormalization group (TRG)
◇ What is the TRG?
→ TRG is approximated contraction of 
                                   (locally connected) Tensor network.

→ TRG require typical form of the 
                           tensor representation.

    (Should be represented by graph)

◇ What is the Tensor network?
→ Tensors are represented by each lattice points.
→ Indices are represented by line segments.
 =  Each index is only contained in two tensors.

[https://smorita.github.io/TN_animation/]
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Initial tensor network construction
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◉ Tensor network rep. of 2dim Ising
◇ How to find tensor network representation?

(e.g.): 2dim Ising model (Partition function)

Z = ∑
σ

∏
x,y

eσx,yσx+1,y+σx,yσx,y+1 = ∑
σ

∏
x,y

Kσx,yσx+1,yσx,y+1

→ Tensors  do not construct tensor network.
     (Index  is included in three tensors)

Kσx,yσx+1,yσx,y+1

σx,y

Kσx,yσx+1,yσx,y+1
, Kσx−1,yσx,yσx−1,y+1

, Kσx,y−1σx+1,y−1σx,y

◇ Common method: (Taylor) expansion. and  σ2 = 1

Boltzmann
            factor

                                 or SVD and redefinition.



◇ Key point: Expansion produces tensor network rep.
                      using property, e.g.  or decompositionσ2 = 1

◉ Tensor network rep. by delta matrix

→ Problem: More complicated Boltzmann factor produces 
             complicated form (difficult to find the tensor network).

◇ Our proposal: Index shift by delta matrix.

(e.g.): 2dim Ising model (periodic b.c.)

Z = ∑
σ

∏
x,y

Kσx,yσx+1,yσx,y+1
= ∑

σ,b
∏
x,y

Kσx,yσx+1,ybx,y+1
δbx,y+1σx,y+1

= ∑
σ,b

∏
x,y

Kσx,yσx+1,ybx,y+1
δbx,yσx,y

= ∑
σ,b

∏
x,y

K(delta)
σx,yσx+1,ybx,ybx,y+1

[K. Nakayama, M.Schneider arXiv:2407.14226]

◆ index shift ( ) by y + 1 → y δ

5→ Tensor network constructed by K(delta)
σx,yσx+1,ybx,ybx,y+1

≡ Kσx,yσx+1,ybx,y+1
× δbx,yσx,y
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◉ Schematic picture of the construction

σx,y σx+1,y

σx,y+1

σ → b Kσx,yσx+1,yσx,y+1
→ K(delta)

σx,yσx+1,ybx,ybx,y+1
σ

x

y

→ This method don’t require any properties (equations).
                                   (e.g. , )σ2 = 1 Kσx,yσx+1,yσx,y+1

= eσx,yσx+1,y+σx,yσx,y+1

Arrows  new indices, .↔ {σ, a}

(1): Dots  original indices, ↔ {σx,y, σx+1,y, σx,y+1}

(2): Draw arrows to connect all dots.

(3): Arrow (except )  Index shift by .σ ↔ δ
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◉ Generalization: J1-J2+α

eh(σx,y+σx+1,y+1+σx+2,y+1+σx+1,y+2)

eg1σx,yσx+2,y+1+g2σx,yσx+1,y+2

et1σx,yσx+2,y+1σx+1,y+2+t2σx,yσx+1,y+1σx+2,y+1+t3σx,yσx+1,y+1σx+1,y+2+t4σx+1,y+1σx+2,y+1σx+1,y+2

eJ1(σx+1,y+1σx+2,y+1+σx+1,y+1σx+1,y+2) eJ2(σx,yσx+1,y+1+σx+2,y+1σx+1,y+2)

ee1σx,yσx+1,y+1σx+2,y+1σx+1,y+2

Kσx,yσx+1,y+1σx+2,y+1σx+1,y+2
→ K′ ′ [σa]x,y[σa]x+1,y[bc]x,y[bc]x,y+1

a
b

c

→ Added red dot is Steiner point.
→ In general: Rectilinear Steiner tree problem 
     (generalization of the traveling salesman problem).
→  has only  indices.K′ ′ 4 × 4 × 4 × 4
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eh(σx,y+σx+1,y+1+σx+2,y+1+σx+1,y+2)

eg1σx,yσx+2,y+1+g2σx,yσx+1,y+2

eJ(x)
1 σx+1,y+1σx+2,y+1+J(y)

1 σx+1,y+1σx+1,y+2

eJ(a)
2 σx,yσx+1,y+1+J(b)

2 σx+2,y+1σx+1,y+2

1-spin

2-spin (J1)

2-spin (J2)

2-spin (g1,g2)

◉ J1-J2+ : Frustrated system with 12 parameters.α
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3-spin t1

et4σx+1,y+1σx+2,y+1σx+1,y+2

et1σx,yσx+2,y+1σx+1,y+2

et2σx,yσx+1,y+1σx+2,y+1

et3σx,yσx+1,y+1σx+1,y+2

3-spin t2

3-spin t3

3-spin t4

◉ J1-J2+ : Frustrated system with 12 parameters.α
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4-spin

ee1σx,yσx+1,y+1σx+2,y+1σx+1,y+2

= K′ ′ [σa]x,y[σa]x+1,y[bc]x,y[bc]x,y+1

◇ Num. of kind of interaction (parameters):

 (
4

∑
k=2

4Ck) + 1 = 24 − 4 = 12
→  has only  indices.K′ ′ 4 × 4 × 4 × 4

◉ J1-J2+ : Frustrated system with 12 parameters.α
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◉ Note: Steiner tree problem.
◇ Steiner tree problem: 
Find shortest line segments (roads) between dots (towns)
to connect every dots + we can freely add dots (town)

◇ Rectilinear Steiner tree problem: (NP-complete)
Steiner tree on the lattice.
      …dots on lattice points, line segments only on the links.

→ Index size of tensor = D(Road length)
ini

→ Long range interaction becomes harder. 

→ Mild long ranges (e.g. plaquette, clover, etc.) are not hard.

[M. Hanan, SIAM Appl. Math, 14, 2, p255, (1966)]
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Minimum spanning Steiner tree Rectilinear Steiner
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→ Num. of interaction (parameters) order ∼ O(∑ 9Ck = 29)
→  has  indices.K′ ′ 26 × 26 × 27 × 27

◉ Note: (Rectilinear) Steiner tree problem
◇ Rectilinear Steiner tree problem: Find shortest 
line segment on the lattice between dots with additional dots. 
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K(3d)
σx,y,zσx+1,y+1,z+1σx+2,y+1,z+1σx+1,y+2,z+1σx+1,y+1,z+2

x

y z

→ T(3d)
σx,y,zσx+1,y,zax,y,zax+1,y,zbx,y,zbx,y+1,zcx,y,zcx,y+1,zdx,y,zdx,y,z+1ex,y,zex,y,z+1

◉ (e.g.) J1-J2+  in 3dimα
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◇ Common method: (Taylor) expansion. and  σ2 = 1

Z = 2−3V ∑
σ

∏
n,μ>ν

e−βσn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν

e−βσn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν = coshβ
1

∑
p=0

(tanhβ)p(σn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν)p

Z = ∑
g,h,i,j,k,l

∏
n

T(exp)
[gh]x,y,z[gh]x+1,y,z[ij]x,y,z[ij]x,y+1,z[kl]x,y,z[kl]x,y,z+1

T(exp)
[xX][x′ X′ ][yY][y′ Y′ ][zZ][z′ Z′ ] = (coshβ)3 ∑

a,b,c,d,e, f
AcyZeAfzxbAdYXaBbx′ y′ cBaX′ Z′ eBfz′ Y′ d

◇ In general: Any kind of expansion produces tensor network.

(Character for gauge theory, Orthogonal function, Taylor…)

[Y.Liu et al. arXiv:1307.6543]

Apqrs = mod(1 + p + q + r + s,2)

Bpqrs = (tanhβ)(p+q+r+s)/4δpqδprδrs

Figure 1. Tensor network for Eq .(2.7). Dotted lines describe the cubic lattice. Black cubes and
spheres represent B and A, respectively. Red, blue and green bars denote the contractions of the
tensor indices.

We can collect the terms involving a �n,µ and sum over it. For example, the case of �n,0 is

expressed as

X

{�n,0=±1}

�
pn,0,1+pn,0,2+qn�1̂,0,1+qn�2̂,0,2

n,0 = 2A(n,µ=0)
pn,0,1pn,0,2qn�1̂,0,1qn�2̂,0,2

, (2.5)

where

Apqrs = � mod (p+q+r+s,2)=0. (2.6)

So the partition function can be rewritten as the following tensor network representation:

Z = (cosh�)3V
X

{p,q}

Y

n,µ>⌫

B(n,µ⌫)
Y

n,µ

A(n,µ). (2.7)

The connections between tensors are depicted in Fig. 1.

In addition, we reconstruct the tensor network representation to reduce the redundant

degrees of freedom. Taking µ = 0 as the temporal direction and µ = 1, 2 as the spatial ones,

we classify the sites as spatially even sites l with

mod(l1 + l2, 2) = 0 (2.8)

and spatially odd sites m with

mod(m1 +m2, 2) = 1. (2.9)

Let us rearrange the tensors so that all the tensors are collected at the spatially even sites. In

this procedure, we employ the gauge fixing with �m,0 = 1 at the spatially odd sitesm(m0 6= 0).

– 3 –

[Y.Kuramashi, Y.Yoshimura, arXiv:1808.08025]
◉ Tensor network rep. of 3dim Z2 gauge theory
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◉ Tensor network rep. of 3dim Z2 gauge theory

Z = 2−3V ∑
σ

∏
n,μ>ν

e−βσn,μσn+ ̂μ,νσn+ ̂ν,μσn,ν = ∑
σ

∏
n,μ>ν

e−β(xx ̂yyy ̂x+xx ̂z zz ̂x+yy ̂z zz ̂y)/8

yx
zxy

x

z
xy

zyxz

yz→  are independent with each other.x, y, z

x
x a xy

xz

y
y

b yz

yx

z
z c zx

zy

Kxxyxzyyzyxzzxzy
→ K′ ′ [xb][xb]z[yc][yc]x[za][za]y

→  has only  indices.K′ ′ 4 × 4 × 4 × 4 × 4 × 4

◇ Our proposal: Index shift by delta matrix.
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◉ Critical tempareture of 3dim Z2 gauge theory

→ Our method produces correct result for critical temperature.

3

U�V

U#V

6A:X 8X aT2+B}+ ?2�i Q7 i?2 i?`22@/BK2MbBQM�H Z2 ;�m;2
i?2Q`v 7Q` /Bz2`2Mi BMp2`b2 i2KT2`�im`2b �X h?2 /Qii2/
HBM2 K�`Fb i?2 +`BiB+�H i2KT2`�im`2 �c = 0.6561 +�H+mH�i2/
BM (9)X a?QrM �`2 i?2 `2bmHib Q#i�BM2/ rBi? i?2 b?B7i2/ �h_:
K2i?Q/ Ub22 �TTX 1V �M/ i?2 BMBiB�H i2MbQ`b T (delta) 7`QK
1[X Uk8VX a22 K�BM i2ti 7Q` /2i�BHb Q7 i?2 +�H+mH�iBQMX U�V
rB/2 `�M;2 Q7 �X U#V xQQK@BM �`QmM/ i?2 K�tBKmK p�Hm2X
L2B;?#Q`BM; /�i� TQBMib ~m+im�i2 /m2 iQ i?2 bi�iBbiB+�H 2``Q`b
7`QK i?2 `�M/QKBx2/ ao.X h?2 ;`2v #�M/ Bb i�F2M �b �M 2b@
iBK�i2 Q7 i?2 mM+2`i�BMiv Q7 �cX a22 K�BM i2ti 7Q` /2i�BHbX

bi2T bBx2 �� b?QmH/ i?2`27Q`2 #2 +�`27mHHv +?Qb2M �M/ QT@
iBKBx2/X

6B;m`2 8 b?Qrb i?2 bT2+B}+ ?2�i Q7 i?2 Z2 ;�m;2 i?2@
Q`v rBi? i?2 BMBiB�H i2MbQ` T (delta)X h?2 +`BiB+�H i2K@
T2`�im`2 Bb 7QmM/ iQ #2 �c = 0.6560(3)X h?2 mM+2`@
i�BMiv Bb 2biBK�i2/ #v i?2 bT`2�/ Q7 `2bmHib /m2 iQ i?2
`�M/QKBx2/ ao.X q2 +?QQb2 i?2 mM+2`i�BMiv Q7 �c bm+?
i?�i i?2 H�`;2bi i2M /�i� TQBMib HB2 BM i?2 2``Q` #�M/-
b22 6B;X 9U#VX � KQ`2 +�`27mH bim/v Q7 2``Q` bQm`+2b
rQmH/ #2 M22/2/ B7 QM2 �BKb 7Q` ?B;?2` T`2+BbBQMX 6m`@
i?2` K2i?Q/b iQ BKT`Qp2 i?2 �++m`�+v +�M #2 7QmM/ BM (9)X
Pm` `2bmHi �c = 0.6560(3) Bb +QMbBbi2Mi iQ i?2 h_: `2@
bmHi �c = 0.656097(1) BM (9) �M/ i?2 JQMi2@*�`HQ `2bmHi
�c = 0.65608(5) BM (8N)X

h?2 +�H+mH�iBQMb b?Qr i?�i Qm` �TT`Q�+? +�M bm++2bb@
7mHHv #2 �TTHB2/ iQ � rB/2 `�M;2 Q7 bvbi2Kb BM+Hm/BM;

;�m;2 i?2Q`B2b- �M/ +�M #2+QK2 � }`bi +�M/B/�i2 iQ BM@
p2biB;�i2 � bvbi2K #v K2�Mb Q7 h_: K2i?Q/bX h?2
K2i?Q/ +�M #2 �TTHB2/ iQ �Mv i`�MbH�iBQM�HHv BMp�`B�Mi
bTBM@bi�iBbiB+�H bvbi2K r?B+? ?�b � }MBi2 MmK#2` Q7 bTBM
/2;`22b Q7 7`22/QKX q2 /2KQMbi`�i2/ i?Bb BM i?Bb b2+iBQM
BM i?2 +�b2 Q7 i?2 Z2 ;�m;2 i?2Q`v �M/ /Bb+mbb i?2 ;2M@
2`�HBx�iBQM �M/ b+�HBM; BM a2+X oX aBM+2 r2 /Q MQi M22/
� KQ/2H@bT2+B}+ 2tT�MbBQM Q7 i?2 Q`B;BM�H T�`iBiBQM 7mM+@
iBQM Q` BMi2;`�i2 Qmi i?2 Q`B;BM�H p�`B�#H2b BM Qm` +QM@
bi`m+iBQM- i?Bb K2i?Q/ +�M bi`�B;?i7Q`r�`/Hv #2 mb2/ 7Q`
� H�`;2 +H�bb Q7 bvbi2Kb- BM+Hm/BM; ;�m;2 i?2Q`B2b- iQ }M/
i?2 i2MbQ` M2irQ`F `2T`2b2Mi�iBQM Q7 T?vbB+�H [m�MiBiB2bX

oX :1L1_�G 6P_J P6 ALAhA�G h1LaP_a

AM i?Bb b2+iBQM- r2 +QMbB/2` i?2 BMBiB�H i2MbQ` +QMbi`m+@
iBQM K2i?Q/ rBi? /2Hi� 7mM+iBQMb 7Q` ;2M2`�H KQ/2Hb- BM@
+Hm/BM; HQM;@`�M;2 �M/ MQM@M2B;?#Q`BM; BMi2`�+iBQMbX q2
/2`Bp2 i?2 b+�HBM; d2[nint+ns�1] 7Q` i?2 MmK#2` Q7 2H2K2Mib
Q7 i?2 BMBiB�H i2MbQ`bX >2`2- d Bb i?2 /BK2MbBQM Q7 i?2 HQ@
+�H >BH#2`i bT�+2- nint Bb i?2 MmK#2` Q7 H�iiB+2 TQBMib Q7
i?2 Q`B;BM�H- MQi HQ+�HHv +QMM2+i2/ i2MbQ`b `2T`2b2MiBM;
i?2 T�`iBiBQM 7mM+iBQMX h?2 MmK#2` Q7 ai2BM2` TQBMib ns

+Q``2bTQM/b iQ i?2 MmK#2` Q7 H�iiB+2 TQBMib M22/2/ iQ
+QMM2+i BbQH�i2/ `2;BQMb- �b 2tTH�BM2/ H�i2` BM i?Bb b2+@
iBQMX
�X *QMM2+i2/ HQM; `�M;2 +?�BM BM R/ �b �M 2t�KTH2

7Q` HQM;2` `�M;2 BMi2`�+iBQMb- r2 +QMbB/2` � bvbi2K r?2`2
2�+? H�iiB+2 bBi2 Bb +QmTH2/ iQ �HH bBi2b mT iQ � /Bbi�M+2 Q7
k bBi2bX h?2 T�`iBiBQM 7mM+iBQM +�M #2 r`Bii2M �b

Z =
dX

�=1

NY

i=1

K�i,�i+1,...,�i+k . UkNV

h?2 HQ+�H T?vbB+�H /BK2MbBQM Bb d- �M/ nint = k+1 Bb i?2
MmK#2` Q7 BM/B+2b Q7 i?2b2 BMBiB�H i2MbQ`bX a22 �TTX � 7Q`
�M 2t�KTH2 Q7 i?Bb ivT2X

q2 �TTHv i?2 /2+QKTQbBiBQM rBi? � /2Hi� K�i`Bt-

K�i,�i+1,...,�i+k =
dX

a(1)
i+1=1

K
�i,�i+1,...,a

(1)
i+1

�
�i+k,a

(1)
i+1

. UjyV

lbBM; i`�MbH�iBQM�H BMp�`B�M+2- r2 /2}M2 i?2 M2r i2MbQ`

K(1)

�i,�i+1,...,�i+k�1,a
(1)
i ,a(1)

i+1

⌘ K
�i,�i+1,...,�i+k�1,a

(1)
i+1

�
�i+k�1,a

(1)
i
, UjRV

r?B+? H2�/b iQ i?2 b�K2 T�`iBiBQM 7mM+iBQM �b i?2 Q`B;BM�H
QM2 B7 QM2 i�F2b i?2 T`Q/m+i Q7 �HH i2MbQ`b �i /Bz2`2Mi
H�iiB+2 bBi2b �M/ bmKb Qp2` �HH BM/B+2b- bBKBH�` iQ 1[X UkNV
#mi BM+Hm/BM; i?2 M2r BM/B+2b a(1)X

q2 +�M `2T2�i i?Bb T`Q+2/m`2 k � 1 iBK2b iQ ;2i i?2
HQ+�H `2T`2b2Mi�iBQM

K(k�1)

�i,�i+1,a
(1)
i ,a(1)

i+1,...,a
(k�1)
i ,a(k�1)

i+1

⌘ K(k�1)

[�ia
(1)
i ...a(k�1)

i ],[�i+1,a
(1)
i+1,...,a

(k�1)
i+1 ]

. UjkV

From initial tensor
by Tayler expansion

◇ Numerical calc. by ATRG + impurity method

[Y.Kuramashi et al. 
           arXiv:1808.08025]

3-dim Z2 gauge
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Initial tensor network dependence
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◉ Initial tensor dependence
◇ Now we can construct initial tensor by simple method.

→ We did not say our method produces best precision.

→ But we can eliminate this initial tensor dependence.

TRG has 
          no dependence

HOTRG has
             dependence

2-dim Ising
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◉ Boundary TRG

◇ Original HOTRG: choose  or  by minimizing the norm.U V

◇ HOTRG with boundary TRG: 
        construct  by  and .  P1, P2 U V

→ Generalization from  or   to  and  can be done
                                                    for any other TRG methods.

U V P1 P2

R9

K(sym)
[�x,yax,y ][�x+1,yax,y+1]

Bb

K(sym)
00 =2.48037458878,

K(sym)
01 = K(sym)

02 =0.167834510235,

K(sym)
10 = K(sym)

20 =0.166746023749,

K(sym)
11 = K(sym)

12 = K(sym)
21 = K(sym)

22 =0.334196191574,

K(sym)
13 = K(sym)

23 =0.749091024240,

K(sym)
31 = K(sym)

32 =0.749047098416,

K(sym)
03 =0.334224186621,

K(sym)
30 =0.334168680654,

K(sym)
33 =1.67966015282.

U*jV
LQi2 i?�i i?Bb BMBiB�H i2MbQ` Bb MQi 2t�+iHv bvKK2i`B+, iQ
�+?B2p2 c(sym) = 0- i?2 `2H�iBQM K(sym)

ab = K(sym)
ba Kmbi

?QH/ 7Q` �Mv BM/2tX >Qr2p2`- i?2 bvKK2i`v Bb bm{+B2Mi
7Q` � `2HB�#H2 +Q�`b2 ;`�BMBM; rBi? bm{+B2Mi �++m`�+v �b
+�M #2 b22M BM 6B;X RX

�TT2M/Bt ., "QmM/�`v h_: K2i?Q/

h?2 #QmM/�`v h_: K2i?Q/ r�b Q`B;BM�HHv BMi`Q/m+2/
7Q` QT2M #QmM/�`v bvbi2Kb iQ i�F2 BMiQ �++QmMi i?2
#QmM/�`v 2z2+i BM i?2 +Q�`b2 ;`�BMBM; bi2TX AM i?Bb
�TT2M/Bt- r2 T`2b2Mi � ;2M2`�HBx�iBQM Q7 i?2 Q`B;BM�H
>Ph_: K2i?Q/ (k3) mbBM; i?2 #QmM/�`v h_: i2+?@
MB[m2 (j9)- r?B+? `2KQp2b i?2 /2T2M/2M+2 QM i?2 bvK@
K2i`v T`QT2`iB2b Q7 i?2 BMBiB�H i2MbQ`bX h?2 B/2� +�M #2
;2M2`�HBx2/ iQ Qi?2` i2MbQ` `2MQ`K�HBx�iBQM K2i?Q/bX

CU =

3

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="I02DKSIfbgm2R1PhZ1xQQQiY3ug="></latexit>

U (HOTRG)

<latexit sha1_base64="Yl2nZnhmPQozVAMyBMERL+PkMPg="></latexit>

U†(HOTRG)
2

CV =

4

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K

<latexit sha1_base64="wnz7ed4sua4iPSPlTvHsyRilBWA="></latexit>

V (HOTRG)

<latexit sha1_base64="UY48J2/6u9Qr6ODHasUErABJehA="></latexit>

V †(HOTRG)

2

6A:X RkX *Qbi 7mM+iBQMb Q7 i?2 BbQK2i`B2b U (HOTRG) �M/
V (HOTRG) 7Q` >Ph_:X

h?2 /Bz2`2M+2 #2ir22M +QKKQM h_: K2i?Q/b HBF2
>Ph_: �M/ #QmM/�`v h_: Bb i?2 i`mM+�iBQM K2i?Q/

BM i?2 +Q�`b2@;`�BMBM; bi2TX AM i?2 Q`B;BM�H >Ph_:- i?2
BbQK2i`B2b U (HOTRG) �M/ V (HOTRG)- r?B+? KBMBKBx2 i?2
+Qbi 7mM+iBQM BM 6B;X Rk- �`2 #Qi? +�H+mH�i2/X h?2 BbQK2@
i`B2b �`2 7QmM/ #v i`mM+�i2/ ao.b rBi? bBM;mH�` p�Hm2b
�(U) �M/ �(V )X 6Q` 2t�KTH2- 7Q` �(U),

X

x1,x2,y,yt,y0
1,y2

K⇤
x1ytx0

1
ty0

1
K⇤

x2y2x0
2
tytKx1yx0

1y
0
1
Kx2y2x0

2y

'

DX

a,b

U⇤(HOTRG)
ax0

1
tx0

2
t

⇣
�(U)

⌘2

ab
U (HOTRG)
bx0

1x
0
2

. U.RV

>2`2- xi Ux0
iV �`2 i?2 BM/B+2b i?�i +QMM2+i i?2 i2MbQ`

K iQ Bib M2�`2bi M2B;?#Q` iQ i?2 H27i U`B;?iVX �++Q`/@
BM;Hv- yi Uy0iV +QMM2+ib iQ i?2 M2ti i2MbQ` #2HQr U�#Qp2VX
lTT2` H�#2Hb t �b BM xt BM/B+�i2 i?�i i?2b2 #QM/b +QM@
M2+i +QMDm;�i2 i2MbQ`bX 6Q` #`2pBiv- r2 /`QT i?2 BM@
/B+2b BM i?2 7QHHQrBM; �M/ mb2 � b?Q`i?�M/ MQi�iBQM HBF2
K†K†KK ' U†(HOTRG)

�
�(U)

�2
U (HOTRG)XR h?2 BM@

/B+2b +�M #2 `2+QMbi`m+i2/ 7`QK i?2 +Q``2bTQM/BM; /B@
�;`�KbX

AM i?2 +Qbi 7mM+iBQM CU BM 6B;X Rk- U†(HOTRG) Bb �T@
THB2/ iQ i?2 `B;?i BM/B+2b Q7 i?2 K i2MbQ`bX AMbi2�/- QM2
+�M �HbQ �TTHv �M BbQK2i`v iQ i?2 H27i BM/B+2bX h?2 +Q``2@
bTQM/BM; +Qbi 7mM+iBQM CV Bb KBMBKBx2/ #v V †(HOTRG)

�b �M BbQK2i`vX AM ;2M2`�H- i?2 BbQK2i`B2b U (HOTRG)

�M/ V (HOTRG) �`2 /Bz2`2MiX AM i?2 mbm�H >Ph_: �H@
;Q`Bi?K- i?2 +Qbi 7mM+iBQMb CU �M/ CV �`2 +QKTmi2/ #v
bmKKBM; i?2 b[m�`2/ i`mM+�i2/ bBM;mH�` p�Hm2b

⇣
�(U)
>D

⌘2

�M/
⇣
�(V )
>D

⌘2
BM #Qi? +�b2bX h?2M- i?2 BbQK2i`v r?B+?

+Q``2bTQM/b iQ i?2 bK�HH2` +Qbi 7mM+iBQM Bb +?Qb2M 7Q`
i?2 i`mM+�iBQM bi2TX h?Bb BMi`Q/m+2b � bvbi2K�iB+ 2`@
`Q`- r?B+? 7�pQ`b QM2 /B`2+iBQM UH27i Q` `B;?i BM 6B;X RkV
BM i?2 i`mM+�iBQMX AM i?2 +�b2 Q7 bvKK2i`B+ BMBiB�H i2M@
bQ`b- CU �M/ CV �`2 i?2 b�K2 BM 2�+? bi2T �M/ i?mb MQ
+?QB+2 Bb M22/2/X aBM+2 MQ /B`2+iBQM Bb 7�pQ`2/ BM i?Bb
+�b2- i?2 �H;Q`Bi?K Bb KQ`2 bmBi2/ 7Q` bvKK2i`B+ BMBiB�H
i2MbQ`b i?�M 7Q` MQM@bvKK2i`B+- BM �;`22K2Mi rBi? Qm`
MmK2`B+�H Q#b2`p�iBQMbX

RPM i?2 MQi�iBQM 7Q` i?2 ao. mb2/ ?2`2, � >2`KBiB�M K�i`Bt M
+�M #2 r`Bii2M �b M = A†AX qBi? i?2 ao. A = U�V - r2 +�M
/2+QKTQb2 M �b M = V †�U†U�V = V †�2V X AM �+im�H +�H+mH�@
iBQMb- r2 /2+QKTQb2 M BM �M ao. �b M = UM�MVM �M/ B/2MiB7v
V = VM = U†

M - �2 = �M X q2 mb2 i?2 M�K2b U �M/ V BMi2`+?�M;2@
�#Hv 7Q` BbQK2i`B2bX hvTB+�HHv- r2 H�#2H BbQK2i`B2b �b U - �M/ +�HH
i?2K V r?2M2p2` i?2v ?�p2 iQ #2 /BbiBM;mBb?2/ 7`QK � ;Bp2M U #2@
+�mb2 i?2v �+i QM /Bz2`2Mi BM/B+2b Q7 � i2MbQ`X 6m`i?2`KQ`2- r2 /Q
MQi Tmi �Mv /�;;2`b † QM i2MbQ`b BM ao.bX qBi? i?Bb +QMp2MiBQM-
BbQK2i`B2b �`2 �Hr�vb �TTHB2/ BM i?2 7Q`K U† Q` V † iQ i?2 i2MbQ`b
r?2M BM/B+2b b?�HH #2 +QK#BM2/ �M/ i`mM+�i2/X

R9

K(sym)
[�x,yax,y ][�x+1,yax,y+1]

Bb

K(sym)
00 =2.48037458878,

K(sym)
01 = K(sym)

02 =0.167834510235,

K(sym)
10 = K(sym)

20 =0.166746023749,

K(sym)
11 = K(sym)

12 = K(sym)
21 = K(sym)

22 =0.334196191574,

K(sym)
13 = K(sym)

23 =0.749091024240,

K(sym)
31 = K(sym)

32 =0.749047098416,

K(sym)
03 =0.334224186621,

K(sym)
30 =0.334168680654,

K(sym)
33 =1.67966015282.

U*jV
LQi2 i?�i i?Bb BMBiB�H i2MbQ` Bb MQi 2t�+iHv bvKK2i`B+, iQ
�+?B2p2 c(sym) = 0- i?2 `2H�iBQM K(sym)

ab = K(sym)
ba Kmbi

?QH/ 7Q` �Mv BM/2tX >Qr2p2`- i?2 bvKK2i`v Bb bm{+B2Mi
7Q` � `2HB�#H2 +Q�`b2 ;`�BMBM; rBi? bm{+B2Mi �++m`�+v �b
+�M #2 b22M BM 6B;X RX

�TT2M/Bt ., "QmM/�`v h_: K2i?Q/

h?2 #QmM/�`v h_: K2i?Q/ r�b Q`B;BM�HHv BMi`Q/m+2/
7Q` QT2M #QmM/�`v bvbi2Kb iQ i�F2 BMiQ �++QmMi i?2
#QmM/�`v 2z2+i BM i?2 +Q�`b2 ;`�BMBM; bi2TX AM i?Bb
�TT2M/Bt- r2 T`2b2Mi � ;2M2`�HBx�iBQM Q7 i?2 Q`B;BM�H
>Ph_: K2i?Q/ (k3) mbBM; i?2 #QmM/�`v h_: i2+?@
MB[m2 (j9)- r?B+? `2KQp2b i?2 /2T2M/2M+2 QM i?2 bvK@
K2i`v T`QT2`iB2b Q7 i?2 BMBiB�H i2MbQ`bX h?2 B/2� +�M #2
;2M2`�HBx2/ iQ Qi?2` i2MbQ` `2MQ`K�HBx�iBQM K2i?Q/bX

CU =

3

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="I02DKSIfbgm2R1PhZ1xQQQiY3ug="></latexit>

U (HOTRG)

<latexit sha1_base64="Yl2nZnhmPQozVAMyBMERL+PkMPg="></latexit>

U†(HOTRG)
2

CV =

4

◉ HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K

<latexit sha1_base64="wnz7ed4sua4iPSPlTvHsyRilBWA="></latexit>

V (HOTRG)

<latexit sha1_base64="UY48J2/6u9Qr6ODHasUErABJehA="></latexit>

V †(HOTRG)

2

6A:X RkX *Qbi 7mM+iBQMb Q7 i?2 BbQK2i`B2b U (HOTRG) �M/
V (HOTRG) 7Q` >Ph_:X

h?2 /Bz2`2M+2 #2ir22M +QKKQM h_: K2i?Q/b HBF2
>Ph_: �M/ #QmM/�`v h_: Bb i?2 i`mM+�iBQM K2i?Q/

BM i?2 +Q�`b2@;`�BMBM; bi2TX AM i?2 Q`B;BM�H >Ph_:- i?2
BbQK2i`B2b U (HOTRG) �M/ V (HOTRG)- r?B+? KBMBKBx2 i?2
+Qbi 7mM+iBQM BM 6B;X Rk- �`2 #Qi? +�H+mH�i2/X h?2 BbQK2@
i`B2b �`2 7QmM/ #v i`mM+�i2/ ao.b rBi? bBM;mH�` p�Hm2b
�(U) �M/ �(V )X 6Q` 2t�KTH2- 7Q` �(U),

X

x1,x2,y,yt,y0
1,y2

K⇤
x1ytx0

1
ty0

1
K⇤

x2y2x0
2
tytKx1yx0

1y
0
1
Kx2y2x0

2y

'

DX

a,b

U⇤(HOTRG)
ax0

1
tx0

2
t

⇣
�(U)

⌘2

ab
U (HOTRG)
bx0

1x
0
2

. U.RV

>2`2- xi Ux0
iV �`2 i?2 BM/B+2b i?�i +QMM2+i i?2 i2MbQ`

K iQ Bib M2�`2bi M2B;?#Q` iQ i?2 H27i U`B;?iVX �++Q`/@
BM;Hv- yi Uy0iV +QMM2+ib iQ i?2 M2ti i2MbQ` #2HQr U�#Qp2VX
lTT2` H�#2Hb t �b BM xt BM/B+�i2 i?�i i?2b2 #QM/b +QM@
M2+i +QMDm;�i2 i2MbQ`bX 6Q` #`2pBiv- r2 /`QT i?2 BM@
/B+2b BM i?2 7QHHQrBM; �M/ mb2 � b?Q`i?�M/ MQi�iBQM HBF2
K†K†KK ' U†(HOTRG)

�
�(U)

�2
U (HOTRG)XR h?2 BM@

/B+2b +�M #2 `2+QMbi`m+i2/ 7`QK i?2 +Q``2bTQM/BM; /B@
�;`�KbX

AM i?2 +Qbi 7mM+iBQM CU BM 6B;X Rk- U†(HOTRG) Bb �T@
THB2/ iQ i?2 `B;?i BM/B+2b Q7 i?2 K i2MbQ`bX AMbi2�/- QM2
+�M �HbQ �TTHv �M BbQK2i`v iQ i?2 H27i BM/B+2bX h?2 +Q``2@
bTQM/BM; +Qbi 7mM+iBQM CV Bb KBMBKBx2/ #v V †(HOTRG)

�b �M BbQK2i`vX AM ;2M2`�H- i?2 BbQK2i`B2b U (HOTRG)

�M/ V (HOTRG) �`2 /Bz2`2MiX AM i?2 mbm�H >Ph_: �H@
;Q`Bi?K- i?2 +Qbi 7mM+iBQMb CU �M/ CV �`2 +QKTmi2/ #v
bmKKBM; i?2 b[m�`2/ i`mM+�i2/ bBM;mH�` p�Hm2b

⇣
�(U)
>D

⌘2

�M/
⇣
�(V )
>D

⌘2
BM #Qi? +�b2bX h?2M- i?2 BbQK2i`v r?B+?

+Q``2bTQM/b iQ i?2 bK�HH2` +Qbi 7mM+iBQM Bb +?Qb2M 7Q`
i?2 i`mM+�iBQM bi2TX h?Bb BMi`Q/m+2b � bvbi2K�iB+ 2`@
`Q`- r?B+? 7�pQ`b QM2 /B`2+iBQM UH27i Q` `B;?i BM 6B;X RkV
BM i?2 i`mM+�iBQMX AM i?2 +�b2 Q7 bvKK2i`B+ BMBiB�H i2M@
bQ`b- CU �M/ CV �`2 i?2 b�K2 BM 2�+? bi2T �M/ i?mb MQ
+?QB+2 Bb M22/2/X aBM+2 MQ /B`2+iBQM Bb 7�pQ`2/ BM i?Bb
+�b2- i?2 �H;Q`Bi?K Bb KQ`2 bmBi2/ 7Q` bvKK2i`B+ BMBiB�H
i2MbQ`b i?�M 7Q` MQM@bvKK2i`B+- BM �;`22K2Mi rBi? Qm`
MmK2`B+�H Q#b2`p�iBQMbX

RPM i?2 MQi�iBQM 7Q` i?2 ao. mb2/ ?2`2, � >2`KBiB�M K�i`Bt M
+�M #2 r`Bii2M �b M = A†AX qBi? i?2 ao. A = U�V - r2 +�M
/2+QKTQb2 M �b M = V †�U†U�V = V †�2V X AM �+im�H +�H+mH�@
iBQMb- r2 /2+QKTQb2 M BM �M ao. �b M = UM�MVM �M/ B/2MiB7v
V = VM = U†

M - �2 = �M X q2 mb2 i?2 M�K2b U �M/ V BMi2`+?�M;2@
�#Hv 7Q` BbQK2i`B2bX hvTB+�HHv- r2 H�#2H BbQK2i`B2b �b U - �M/ +�HH
i?2K V r?2M2p2` i?2v ?�p2 iQ #2 /BbiBM;mBb?2/ 7`QK � ;Bp2M U #2@
+�mb2 i?2v �+i QM /Bz2`2Mi BM/B+2b Q7 � i2MbQ`X 6m`i?2`KQ`2- r2 /Q
MQi Tmi �Mv /�;;2`b † QM i2MbQ`b BM ao.bX qBi? i?Bb +QMp2MiBQM-
BbQK2i`B2b �`2 �Hr�vb �TTHB2/ BM i?2 7Q`K U† Q` V † iQ i?2 i2MbQ`b
r?2M BM/B+2b b?�HH #2 +QK#BM2/ �M/ i`mM+�i2/X

R8

CP1,P2 =

5

◉ boundary HOTRG

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K

<latexit sha1_base64="7RjFzS/DiN9AD4SWHojdz550bbY="></latexit>

P (bHOTRG)
1

<latexit sha1_base64="IkRterIQjAFqRa+MNOxPku7u2rY="></latexit>

P (bHOTRG)t
2

2

6A:X RjX *Qbi 7mM+iBQM Q7 i?2 b[m22x2`b P (bHOTRG)
1 �M/

P (bHOTRG)
2 7Q` #QmM/�`v >Ph_:X

AM i?2 #QmM/�`v h_: K2i?Q/ i?Bb /2+BbBQM Bb MQi �T@
THB2/X AMbi2�/- b[m22x2`b �`2 +`2�i2/ 7`QK � +QK#BM�iBQM
Q7 U (HOTRG) �M/ V (HOTRG)X h?2b2 b[m22x2`b �`2 mb2/ 7Q`
i?2 i`mM+�iBQM BM i?2 +Q�`b2 ;`�BMBM; bi2TX h?2 T`Q+2/m`2
KBMBKBx2b i?2 +Qbi 7mM+iBQM BM 6B;X RjX 6B`bi- i?2 BbQK2@
i`B2b �`2 +�H+mH�i2/ rBi?Qmi i`mM+�iBQM �b BM 1[X U.RV
�M/ bBKBH�`Hv 7Q` V (HOTRG)X h?2M- � i`mM+�i2/ ao. Bb
T2`7Q`K2/,

�(U)U (HOTRG)V (HOTRG)�(V )
' U⇤V. U.kV

h?2 b[m22x2`b +�M #2 +QMbi`m+i2/ 7`QK i?2b2 i2MbQ`b
�M/ i?2 T`2pBQmb BbQK2i`B2b,

P (bHOTRG)
1 ⌘ V (HOTRG)�(V )V †/

p

⇤ U.jV
P (bHOTRG)
2 ⌘ (1/

p

⇤)U†�(U)U (HOTRG). U.9V

h?2 iQi�H +QKTmi�iBQM�H +Qbi Bb Q7 i?2 b�K2 Q`/2` �b
i?2 Q`B;BM�H >Ph_:- �M/ i?2 +�H+mH�iBQM Q7 P1 �M/ P2 Bb
MQi i?2 /QKBM�Mi +Qbi BM i?2 `2MQ`K�HBx�iBQM bi2TX h?2
`2bmHib Q7 i?Bb #QmM/�`v >Ph_: K2i?Q/ �`2 Km+? H2bb
/2T2M/2Mi QM i?2 bvKK2i`v T`QT2`iB2b Q7 i?2 BMBiB�H i2M@
bQ`b �b /Bb+mbb2/ BM a2+X AAAX h?2`27Q`2- i?2 K2i?Q/ +`2@
�i2b KQ`2 `2HB�#H2 `2bmHibX AM �//BiBQM- i?2 +Qbi 7mM+iBQM
Q7 i?2 #QmM/�`v >Ph_: BM 6B;X Rj �TT`QtBK�i2b 7Qm`
i2MbQ`b BMbi2�/ Q7 irQ 7Q` i?2 mbm�H >Ph_: �b BM 6B;X RkX
h?2 �TT`QtBK�iBQM i�F2b BMiQ �++QmMi � H�`;2` `2;BQM �M/
+�M i?mb BKT`Qp2 i?2 �++m`�+v Q7 i?2 �TT`QtBK�iBQMX q2
MQi2 i?�i i?2 #QM/@r2B;?i2/ h_: K2i?Q/ 7Q` >Ph_:
Bb �HbQ #�b2/ QM i?2 #QmM/�`v h_: i`mM+�iBQM (eR)X

h?2 B/2�b T`2b2Mi2/ ?2`2 +�M ;2M2`�HHv #2 mb2/ BM �Mv
h_: K2i?Q/ rBi? BbQK2i`B2bX _2TH�+BM; U (HOTRG)

!

P (bHOTRG)
1 , P (bHOTRG)

2 /Q2b MQi `2[mB`2 bB;MB}+�Mi �//B@
iBQM�H +QKTmi�iBQM�H +Qbib #mi +�M bi`QM;Hv `2/m+2 i?2
BMBiB�H i2MbQ` /2T2M/2M+2X

�TT2M/Bt 1, �h_:- J.h_: �M/ p�`B�Mib

q2 2tTH�BM i?2 +Q�`b2 ;`�BMBM; bi2Tb rBi? �h_: �M/
J.h_: BM i?Bb �TT2M/BtX q2 �HbQ BMi`Q/m+2 p�`B�Mib Q7
i?2 2bi�#HBb?2/ �H;Q`Bi?Kb �M/ #2M+?K�`F i?2 /Bz2`2Mi
K2i?Q/b 7Q` i?2 irQ@/BK2MbBQM�H AbBM; KQ/2HX

h?2 �++m`�+v Q7 i?2 7`22 2M2`;v /2T2M/b QM i?2 K2i?Q/
mb2/ BM i?2 +Q�`b2@;`�BMBM; bi2TX S�`iB+mH�`Hv- r2 Q#b2`p2
i?�i �H;Q`Bi?Kb r?B+? mb2 BbQK2i`B2b iQ +`2�i2 i?2 BM/B+2b

Q7 i?2 M2ti +Q�`b2@;`�BM2/ i2MbQ`b K(next) �`2 ?B;?Hv /2@
T2M/2Mi QM i?2 BMBiB�H i2MbQ` T`QT2`iB2bX

q2 bi�`i 7`QK i?2 T�`iBiBQM 7mM+iBQM Z =
tr
�Q

i Kxiyix0
iy

0
i

�
- r?2`2 xi Ux0

iV �`2 i?2 BM/B+2b i?�i +QM@
M2+i � H�iiB+2 TQBMi �i bBi2 i iQ Bib M2�`2bi M2B;?#Q` BM
M2;�iBp2 UTQbBiBp2V x@/B`2+iBQMX �++Q`/BM;Hv- yi Uy0iV +QM@
M2+ib iQ i?2 M2ti i2MbQ` BM M2;�iBp2 UTQbBiBp2V y@/B`2+iBQMX
LQi2 i?�i xi+1 = x0

i �M/ yi+1 = y0iX h?2 i`�+2 tr BKTHB2b
� bmKK�iBQM Qp2` �HH BM/B+2bX K +�M- 7Q` 2t�KTH2- #2
K(delta) Q` K(exp) �b /2}M2/ BM a2+X AAAX

h2MbQ` `2MQ`K�HBx�iBQM ;`QmT �H;Q`Bi?Kb T`QpB/2 �
r�v iQ +Q�`b2@;`�BM � ;Bp2M i2MbQ` M2irQ`F iQ � M2r M2i@
rQ`F rBi? 72r2` i2MbQ`bX h?Bb bi2T Bb �TT`QtBK�i2 iQ
�pQB/ �M 2tTQM2MiB�H ;`Qri? Q7 i?2 MmK2`B+�H +Qbib- �M/
i?2 �H;Q`Bi?Kb /Bz2` BM i?2 r�v i?2v i`mM+�i2 i?2 i2MbQ`bX
hvTB+�HHv- irQ i2MbQ`b Q7 �M BMBiB�H H�iiB+2 �`2 `2TH�+2/
#v QM2 i2MbQ` QM � +Q�`b2@;`�BM2/ H�iiB+2X q2 `2bi`B+i
Qm`b2Hp2b iQ b[m�`2 H�iiB+2b BM irQ /BK2MbBQMb #mi MQi2
i?�i KQbi �H;Q`Bi?Kb /Bb+mbb2/ ?2`2 +�M #2 ;2M2`�HBx2/
iQ ?B;?2` /BK2MbBQMbX AM b?Q`i- i?2 ;Q�H Q7 � i2MbQ` `2MQ`@
K�HBx�iBQM ;`QmT �H;Q`Bi?K Bb iQ }M/ i?2 +Q�`b2@;`�BM2/
i2MbQ` K(next) 7`QK i?2 BMBiB�H i2MbQ` K-

Kxyx0y0 ! K(next)
XYX0Y 0 . U1RV
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◉ Triad

<latexit sha1_base64="Dc4DcXouVKkN8EkkcpF+E4cIOaQ="></latexit>

E
<latexit sha1_base64="WcfgT6vP38lUIQT7yloQvc7r1GA="></latexit>

F

<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K
<latexit sha1_base64="17qqkFlk6bXtswLFyc8YE2o6EY0="></latexit>

K <latexit sha1_base64="kAw4S6IdaSTqfJydA1rb0WJ3mi0="></latexit>

G
<latexit sha1_base64="gIGGJXQ214sJ5PiXX0lYHgmVHvY="></latexit>

H

<latexit sha1_base64="Dc4DcXouVKkN8EkkcpF+E4cIOaQ="></latexit>

E

<latexit sha1_base64="gIGGJXQ214sJ5PiXX0lYHgmVHvY="></latexit>

H

<latexit sha1_base64="Lx+wgUyNxShd+157raPKfXaLf1c="></latexit>

F 0

<latexit sha1_base64="51Va1FU5U8+NPGmKr+7aQrr2AuA="></latexit>

G0

(a) (b) (c)

6A:X R9X AMBiB�H bi2Tb Q7 � +Q�`b2@;`�BMBM; Bi2`�iBQM BM �h_:@
HBF2 �H;Q`Bi?KbX 6`QK U�V iQ U#V, i?2 mTT2` UHQr2`V BMBiB�H
i2MbQ` Bb bTHBi #v �M ao. BMiQ i2MbQ`b E �M/ F UG �M/ HVX
6`QK U#V iQ U+V, i?2 i2MbQ`b F �M/ G �`2 +QMi`�+i2/ �M/ �T@
T`QtBK�i2/ #v �M ao. BM Q`/2` iQ +?�M;2 i?2 BM/2t /B`2+iBQMX
a22 K�BM i2ti 7Q` /2i�BHbX

6Q` �h_: �M/ J.h_:- r2 +QMbB/2` irQ M2�`2bi
M2B;?#Q` i2MbQ`b

P
y Kx1yx0

1y
0
1
Kx2y2x0

2y
BM i?2 +Q�`b2@

;`�BMBM; bi2TX h?2 i2MbQ`b �`2 }`bi /2+QKTQb2/ BMiQ i`B@
�/b- �b b?QrM BM 6B;X R9U�V iQ U#VX 6Q` i?Bb- i?2 BMBiB�H
i2MbQ`b Q7 i?2 i`�MbH�iBQM�H BMp�`B�Mi M2irQ`F �`2 bTHBi
mbBM; �M ao.,

Kxyx0y0 '

DX

b,c

Hxyb�bcEx0y0c. U1kV

>2`2- H �M/ E �`2 i`mM+�i2/ mMBi�`v K�i`B+2b Q` BbQK2@
i`B2b- �M/ � Bb � /B�;QM�H K�i`Bt rBi? MQM@M2;�iBp2 2M@
i`B2bX h?2 bK�HH2bi bBM;mH�` p�Hm2b �`2 /`QTT2/ BM Q`/2`
MQi iQ 2t+22/ � K�tBKmK #QM/ /BK2MbBQM D BM i?2 �H;Q@
`Bi?KX LQi2 i?�i r2 /Q MQi mb2 BMi2`M�H HBM2 Qp2`b�KTHBM;

[S. Iino et al. arXiv:1905.02351]
[K. N., M.Schneider arXiv:2407.14226]
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◉ Boundary HOTRG

→ HOTRG with  and  is initial tensor independent.P1 P2

2-dim Ising

HOTRG with   and P1 P2



◇ Many method (ATRG, TriadTRG, MDTRG) can use 
    isometry (  or  ) or  and .U V P1 P2

[D. Kadoh, K.N. arXiv:1912.02414]
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◉ Boundary TRG for ATRG and MDTRG

→ TRG methods with  and  are initial tensor independent.P1 P2

→ Our construction can also produce compatible result. 

[D. Adachi et al. arXiv:1906.02007]
[K.N. arXiv:2307.14191]

ATRG 
    with   and P1 P2

MDTRG 
    with   and P1 P2

2-dim Ising
[K. N., M.Schneider arXiv:2407.14226]
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◉ Summary

◇ We propose a general method to construct the initial 
tensor network from Boltzmann factor representation.

◇ This relates to the rectilinear Steiner tree problem 
         (relates optimization prob. such as traveling salesman)

◇ We can eliminate initial tensor dependence by using 
                                      boundary TRG method for isometry.

◇ We test our construction in the 2-dim Ising model and 3-
dim Z2 gauge theory, and reproduce results.

[main]

[details]

→ Our method could be a simple, good choice for first study.


