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MPS applied to the analysis of open quantum systems

- Methodology and thermalization -

Masaaki Tokieda
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Introduction 2

▶ Model Hamiltonian

▶ 2 numerical methods

▶ Application: thermalization

Main
system

Bath

ℋ"#" = ℋ% ⊗ℋ'

Bath effects
Fluctuation
Dissipation
Decoherence
Relaxation

How do they affect
the main system dynamics?

e.g. Chemical dynamics
in a condensed phase Superconducting circuits

A. Ishizaki and G. R. Fleming,
Proc. Natl. Acad. Sci. U.S.A. 106, 17255 (2009)

A. Blais, A. L. Grimsmo, S. M. Girvin, and A. Wallraff
Rev. Mod. Phys. 93, 025005 (2020)



Bath oscillator model 3

! = !# + !% + !&
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Wave-function approach: TEDOPA 4
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5 67 ? 7 (9. + 9.ϯ )

Time Evolving Density matrix with Orthogonal Polynomials Algorithm (TEDOPA)

S

9. 9.B

9.BB⋯ S ⋯DE D, DF
Star N-N coupling 1D chain

? 7 ∝ H 7 (spectral density)

!% = I
JKE

L
ℏMJDJϯDJ + ℏNJ DJOEϯ DJ + DJϯDJOE !& = ;# ⊗ P DE + DEϯ

Possible with orthogonal polynomials for QE, Q, S ≡ ∫2
5 67 ? 7 QE 7 Q, 7 !

Alex W. Chin, Ángel Rivas, Susana F. Huelga, and Martin B. Plenio, J. Math. Phys. 51, 092109 (2010)
Javier Prior, Alex W. Chin, Susana F. Huelga, and Martin B. Plenio,  Phys. Rev. Lett. 105, 050404 (2010)

Mapping!



More about TEDOPA 5

| ⟩Ψ 0 = | ⟩↑ ⊗ | ⟩0(0() ⋯
= | ⟩↑ ⊗ | ⟩0+,-0+,. ⋯

Thibaut Lacroix, Brieuc Le Dé, Angela Riva, Angus J. Dunnett,
and Alex W. Chin, J. Chem. Phys. 161, 084116 (2024)

Open source packages are now available!

MPSDynamics.jl

Infinitely long recurrence time
⇒ Irreversible loss!

e.g. Qubit system (0 = ∞)
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Auxiliary mode approach: pseudomode / HEOM 6
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Basic ideas

ℋ& = ℋ( ⊗ℋ*+,
ℋ*+, = ℋ*+,,. ⊗ℋ*+,,/ …

S ⊗ bosonic modes
countless, undamped

Why MPS?

S ⊗ bosonic modes
finite, damped

Non-unitary1
12 3

& 2 = − 5
ℏ 7(8*+,, 3& 2 + :3& 2 ≡ <3& 2

Y. Tanimura and R. Kugo, J. Phys. Soc. Japan. 58, 101 (1989)
Meng Xu, et al., arXiv:2307.16790 [quant-ph]

Pseudomode
B. M. Garraway, Phys. Rev. A 55, 2290 (1997)
D. Tamascelli, et al., Phys. Rev. Lett. 120, 030402 (2018)

Hierarchical Equations Of Motion (HEOM)
Properties
v 3( 2 = tr*+, 3& 2
v ? ∈ spec < has a real part (Re? ≤ 0) ⇒ Existence of a steady state

Unlike TEDOPA, where a part of the chain keeps evolving

A large number of modes are required for complex spectral densities

S
⋯ 2

Energy

Damped!

Q. Shi, Y. Xu, Y. Yan, M. Xu, J. Chem. Phys. 148, 174102 (2018)
R. Borrelli, J. Chem. Phys. 150, 234102 (2019)



Thermalization? 7

According to pseudomode / HEOM, it is empirically known that

lim$→&tr) * + = tr)
-./0

tr -./0
(independent of *1 0 )

S B
(Gibbs) 

Click!

+ = 0 S

tr) *3 4

+ < 0
+ → ∞

S B
(Gibbs) ≡ *3 4

8$ = -.90$/ℏEvolution of the total state: * + = 8$ *1 0 ⊗ =>?@A
BCA =>?@A 8$ϯ

According to TEDOPA, the wave function keeps evolving

How are these reconciled?

Thermalization!
However, it doesn’t mean lim$→&* + = *3 4 .

Y. Tanimura, J. Chem. Phys. 141, 044114 (2014)

* + in the long time limit?



Thermalization with TEDOPA ① 8

TEDOPA cannot describe thermalization?

Harmonic oscillator: !" = $%
& +

(%
& + )*

&, +" = *

H. Grabert, P. Schramm, G-L Ingold, Physics Reports 168, 115 (1988)

, , -.//0 , 123456

7 0 ~10;<

= 0 ~10;<

7> 0.48199 0.48198
=> 0.53903 0.53905

Analytic expressions are known;
, EFGGH = tr ,KL M

N,EFGGH O = tr PQRS,P;QRS,KL M
,: system operator

M = ∞ and | ⟩Ψ 0 = | ⟩0 ⊗ | ⟩00⋯

Good agreement!
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Thermalization with TEDOPA ② 9

TEDOPA cannot describe thermalization?

H. Grabert, P. Schramm, G-L Ingold, Physics Reports 168, 115 (1988)

&'()**+ ! = tr ./01'.2/01'34 5

Compute the asymptotic state
| ⟩Φ = .2/019/ℏ| ⟩Ψ 0

and then
&'=>?@AB ! = tr ./01'.2/01' ⟩Φ ⟨Φ

= Φ ! ' Φ' !
with 

| ⟩Φ ! = .2/01/ℏ| ⟩Φ
| ⟩Φ' ! = .2/01/ℏ'| ⟩Φ

ℱ &' E = F
2G

G
H! &' ! ./I1 ∈ ℝFourier

transform Thermalization occurs!

Harmonic oscillator: LM = NO
P +

RO
P + ST

P, UM = T
5 = ∞ and | ⟩Ψ 0 = | ⟩0 ⊗ | ⟩00⋯



Thermal equilibrium state”s” 10

What about !" 0 -dependence?

Resulting in different total states!
These can all be considered thermal equilibrium states, just like the Gibbs state!

| ⟩Ψ' 0 = | ⟩0 ⊗ | ⟩00⋯ | ⟩Ψ+ 0 = | ⟩0 + | ⟩1
2 ⊗ | ⟩00⋯ | ⟩Ψ/ 0 = | ⟩2 ⊗ | ⟩00⋯

| ⟩Ψ+ 0 | ⟩Ψ0 0

Thermalization!



Summary 11

TEDOPA
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ü Thermalization of an open system 

v Quantum thermodynamics
2nd law
S. Sakamoto and Y. Tanimura, J. Chem. Phys. 153, 234107 (2020)
S. Koyanagi and Y. Tanimura, J. Chem. Phys. 157, 014104 (2022)

Thermodynamic relations
S. Koyanagi and Y. Tanimura, J. Chem. Phys. 160, 234112 (2024)

Thermal equilibrium state
4567

Thermal equilibrium state
4568

S

⋯ 9

Energy

Damped!

E. Leviatan, et al., arXiv:1702.08894 [cond-mat.stat-mech]
S. Goto and I. Danshita, Phys. Rev. B 99, 054307 (2019)


