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Introduction 2
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» Model Hamiltonian
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A. Blais, A. L. Grimsmo, S. M. Girvin, and A. Wallraff
Rev. Mod. Phys. 93, 025005 (2020)

> 2 n u m e ri Cal m ethOd S A. Ishizaki and. G. R. Fleming,

Proc. Natl. Acad. Sci. U.S.A. 106, 17255 (2009)

» Application: thermalization



Bath oscillator model 3

H = H; + Hg + H; Ut Ee—th/h
= _Z [2ml et - s, W(1) = U |¥(0))
Zero-point —
H =V, ® Z c.x energy i p(t) — Utp(O)UI
“ We assume p(0) = ps(0) ® — [ BH 5T We want ps(t) = trg[p(8)]

% Spectral density: J(w) = Zlm — [6(w — w;) —6(w + w;)]

We assume a smooth J(w) to describe irreversible behavior



Wave-function approach: TEDOPA 4

2
HB:Zl.lp" +mwx] E,~ fda)ha)a a,

H:HS+HB+H1 2m;
Hy =Vs @ X cixi ~Vs ® fo dw (ap + aa))
ay @, K(w) « J(w) (spectral density)
@, Mapping!
o BT DT B

N-N coupling 1D chain

= Z | bl by + hty(bY, by + blbnss )| Hy = Vs ® g(by + b])
=1

Possible with orthogonal polynomials for (f;, f5)x = foﬂ dw K(w)fi(w)fr(w)!

Alex W. Chin, Angel Rivas, Susana F. Huelga, and Martin B. Plenio, J. Math. Phys. 51, 092109 (2010)
Javier Prior, Alex W. Chin, Susana F. Huelga, and Martin B. Plenio, Phys. Rev. Lett. 105, 050404 (2010)

Time Evolving Density matrix with Orthogonal Polynomials Algorithm (TEDOPA)



More about TEDOPA 5
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n=1 n=2

For “a wide class” of J(w) ...

n—->00

, —— constant
e.g. Qubit system (f = )

[¥(0)) = 1) @ (04,04, )

=D ® [0,210,-5) \Wies)

Infinitely long recurrence time
= Irreversible loss!

Open source packages are now available!

MPSDynamics.jl
Thibaut Lacroix, Brieuc Le Dé, Angela Riva, Angus J. Dunnett,
and Alex W. Chin, J. Chem. Phys. 161, 084116 (2024)
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Auxiliary mode approach: pseudomode / HEOM

Basic ideas

H' =~7'[S(X)~7{aux

e @ B = B

countless, undamped finite, damped
Ay ay’

d , [ , Non—ur;itary _ ,
2P () = = [Hsaux p' ()] + Dp' (1) = Lp'(0)
Pseudomode Hierarchical Equations Of Motion (HEOM)
Properties D. Tamascell, ot al. Phys. Rev. Lett 120, 030402 (2018)  Meng Xu. ot al. arXivi3307.16700 [quankpn] -

<+ ps(t) = trauxlp’(0)]
% A € spec(lL) has a real part (Red < 0) = Existence of a steady state
Why MPS? Unlike TEDOPA, where a part of the chain keeps evolving

A large number of modes are required for complex spectral densities

Q. Shi, Y. Xu, Y. Yan, M. Xu, J. Chem. Phys. 148, 174102 (2018)
R. Borrelli, J. Chem. Phys. 150, 234102 (2019)



Thermalization? 7

—-BH o
Evolution of the total state: p(t) = U, {ps(O) ® ——— }U;f Uy = e~/

trB[e_BHB]

p(t) in the long time limit?

According to pseudomode / HEOM, it is empirically known that Click!
Y. Tanimura, J. Chem. Phys. 141, 044114 (2014) - t > oo
ePH t <0
tlirglotrB [p(®)] = trg [ ]]

e [
______ = S
(independent of ps(0)) Pa(p) trB(PG(,B))

Thermalization!

However, it doesn’t meantlimp(t) = pc(B).

According to TEDOPA, the wave function keeps evolving
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How are these reconciled?



Thermalization with TEDOPA @ 8

TEDOPA cannot describe thermalization?
2 2
Harmonic oscillator: Hs = £+ -+ 2¢%, Vs = g

Analytic expressions are known;
(O)gibbs = tr[0ps (B)]
Cgibbs(t) — tr[ethOe—thOPG (,8)]
O: system operator

H. Grabert, P. Schramm, G-L Ingold, Physics Reports 168, 115 (1988)

q 0 ~107°
p 0 ~107°
q> 0.48199 0.48198
p? 0.53903 0.53905

Good agreement!
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Thermalization with TEDOPA 2 9

TEDOPA cannot describe thermalization?

2 2
Harmonic oscillator: Hg = p? + q? +Aq%, Vs =g¢q

CS1obs () = tr (ethoe—thopG (,8))

H. Grabert, P. Schramm, G-L Ingold, Physics Reports 168, 115 (1988)

Compute the asymptotic state
|@) = e~ /MW (0))
and then
CgEDOPA(t) — tr(ethoe—thochchl)
= (P(1)|0]Dy (1))
with
D)) = e~He/h @)
| Do () = e H/MO| D)

Fourier T[CO](G)) — j dt Co(t)eiwt eER
transform —oo

Correlation function

12 1

101

B = oo and |¥(0)) = [0) ® |00 )

° F[C;—EDOPA]((A))
— FICP)(w)

° F[C;EDOPA]((U)

- Gibbs
FICSPs](w) R tr =50

_3 _2 -1 0 1 2 3
w

=> Thermalization occurs!




Thermal equilibrium state”s”

What about ps(0)-dependence?
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Resulting in different total states!
These can all be considered thermal equilibrium states, just like the Gibbs state!



Summary

H=H Z mia)l-le-z +V ®Zc-x-
S Zml 2 S . [ Rl A
l

TEDOPA Pseudomode, HEOM

B a6 6 0 o . s)

v' Thermalization of an open system
E. Leviatan, et al., arXiv:1702.08894 [cond-mat.stat-mech] Therma| equi"brium StatE

S. Goto and |. Danshita, Phys. Rev. B 99, 054307 (2019) B
. . Pth
% Quantum thermodynamics
[ 2nd |aw —_
S. Sakamoto and Y. Tanimura, J. Chem. Phys. 153, 234107 (2020) Thermal eq UIIIbrlu m S te
S. Koyanagi and Y. Tanimura, J. Chem. Phys. 157, 014104 (2022) pA
th

Thermodynamic relations
S. Koyanagi and Y. Tanimura, J. Chem. Phys. 160, 234112 (2024)




