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I <o i v . M o A
ABSTRACT

< 4D finite-density OCD is important for physics of neutron star
% Difficult with Monte-Carlo
< Tensor Renormalization Group is a candidate for alternative algorithm

< However, the computational cost is extremely high in higher dimensions

}

[I have proposed faster algorithm for 4D TRG method]
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Introduction Basics of TRG Algorithm Numerical results Summary

[GOAL : First-principles calculations of finite density QCD]

. /\
< QCD : A 4D Theory of the Strong Force — OCD Phase structure

¢

> Interactions between quarks and gluons

- [

— color confinement , hadron mass ... i
&)
\

? )

4

/4
|
Hadron )\
27 N

» Related to neutron star at finite density

Color SC?
o »/ density

-

‘'www.esa.int/ESA_Multimedia/Images/2024/03/What_is_a_neutron_:
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Introduction

s e v M s M
SIGN PROBLEM

QCD Phase structure
temp'.l \U/ ° PLUU(NUJ.J.J.UJ

X Lattice QCD can’t be used at [inite density

» MC methods rely on stochastic sampling

> Complex weight at finite density

\
\
i
{

?

~

> QCD phase diagram is not calculable e"

samptifiy & @ (S
A" \
_
¥
sign problem
alternative algorithms ?

= | Tensor Renormalization Group (TRG)

[M. Levin and C. P. Nave, (2007).]
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Basics of TRG
O, 19,0,0,0)

ABOUT TRG [M. Levin and C. P. Nave, (2007).] [Xie et al, (2012).]

> TRG : Approximate partition function Z by SVD
> Proposed in 2D, later extended to higher dimensions ( HOTRG )

&= Z can be expressed by tensor network (contraction of tensors)

T T T
Q O O
D
- —_— T T T
2 : JE— E TijlemnokarstTopqr t —, /O O O
1,9,k,l,m,...
T T T
O O O
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Basics of TRG

g PERESET MM oSuBISRESNe  MEEY
HOTRG xie et al, 2012)]

> Renormalize 2 tensors into one
> “Coarse-Graining” of lattice { Huge cost ! o(D*™) ]

> Afterlog V' iteration, # of tensors becomes 1

n NS asTasah
, o oo

-=- Approx. by SVD .z__

1 n 1
{ | rotate contrac ; Contract 2 tensors into 1 X
I —O0— I I 1
I ~ {:} : TR |TR  |TR  |TR : :
! o ® ® ®—to®Ateration — I
Lo : ; : — —o—|
| i TR TR TR TR | :
| J ® @ @ @ N /
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Basics of TRG

1. D. Adachi, T. Okubo, and S. Todo, (2020).
2. S. Akiyama and Y. Kuramashi, (2023).

P> ATRGlis lighter algorithm of the HOTRG

O Cost reduction o(D* 1) —0O(D? )

O Some applications for 4D

% Still large cost — difficult to increase D

TN25@2025/7/18

3 [t
T | ¢
TG

O(qrD® ) X

bond swap

A

\
A A Ge/—
O(Dd—|—3) X X O(D2d+1)
)% SVD '4 ' Contraction
J
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Basics of TRG

TRIAD-MDTRG [K. Nakayama, (2023)

> Triad-MDTRG : decompose 77" (not local) into 3-legs tensors (speedup)

> oversample (use D — »D singular values for internal line)
> Contraction via RSVD (speedup)
> Accuracy : almost equivalent to HOTRG

o S e
W % W T
ya o 9

\
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Basics of TRG
9,0,0,0,0,

ALGORITHMS IN 4D } A

—==. RSVD sub network SRR

ATRG
> cost O(D?)
< Bond Swap -~~~

> Application in 4D
% Large D is difficult

— HOTRG N
> cost: o(D¥) ()

> Original
\ y,

------_’

. < "Triad rep.
., & Oversample

,~====All tensors are 3-leg ===- N Triad-MDTRG?
oo [ cost O(r*D®)
=~~~ < Triad rep.
N |
K gé : _#> oversample
7? ) I?-’ Good accuracy

>< No application in 4D

This Work

’_______-
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Algorithm

TRIAD-ATRG e

> Applying Triad rep. to 4D ATRGl, reduced the cost O(D?) — O(r?D")
t Maintaining the accuracy from ATRG by using MDTRG technique
> oversampling parameter2 r: The larger the r, the closer to ATRG ( »=D )

Triad-ATRG

2 b2 e
T SVD Bcgl(dqgvlvjaﬁp TrgilDr;)o. # O(gj[l)) ; %
7& —0O- %- —0
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Numerical results
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Numerical results

NUMERICAL RESULTS IN 4D ISING MODEL

> propose Triad-ATRG method
o :% &
j:-o/— o

7~ = -
e & ¢ % A

o

» Benchmarking with 4D Ising model
H= —Zﬁanan+ﬂ —hY on, Z=) M
noop n {o}
> Critical point
> Previous research : Monte Carlo, HOTRG, ATRG

[S. Akiyama, Y. Kuramashi, T. Yamashita, and Y. Yoshimura, (2020).]
[P. H. Lundow and K. Markstrom, (2023).]
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Numerical results

o UEsEr TERASE MR ooenssnle  YEEY
SCALING OF COMPUTATIONAL TIME

10° f—r ZN
| = ATRG :
| 2 Triad-ATRG, r =7
| ; |
-:37 e 1> comparison of computational time
'gl 4_‘ ¢ ) y
élo : '+ ATRG : O(D°) ,Triad-ATRG : O(D")
% |
&,
=10 ;
- [Significant cost reduction !]
A
102L ' : —_— L L
15 20 25 30 35
D
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Numerical results

FREE ENERGY 1.[S. Akiyama, Y. Kuramashi, and Y. Yoshimura, (2021).]
-4.936 . .
o ATRG
+ Triad-ATRG,» =7 || > compare ATRG and Triad-ATRG
493628 @ + Triad-ATRG,r = 20 P
> 49364 Triad-ATRG (this work, »=7)] > At D = 54, the error from ATRG is
5 g % & 0.0013% (r = 7)
T 49366 ATRG g n : & 0.00015% (r = 20)
g x T+ |
H -4.9368 ¢ X x ;'; N 1> Extended Triad-ATRG up toD = 70
1
x (World record: D = 55, ATRG)
_|_
4937 t % -l- .
Triad-ATRG (this work, r= 20)

[ Triad-ATRG is comparable to ATRG ]
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6.685 —

6.675 |
& 6.67

6.665 |

6.66

6.655

6.68 |

(D[\ Triad-ATRG (r=7)

o

TP

5 ATRG i

¢ Triad-ATRG, r =17 ||
¢ Triad-ATRG, r = 10

¢ Triad-ATRG, r = 15/
¢ Triad-ATRG, r = 20|;

| P

38 40 42 44 46 48 50 52 54 56 58 60 62 64 66 68 70

D

Numerical results

TRANSITION POINT

Compare phase transition point

at D = 54, difference is 0.09%(r = 20)
—Transition point is also consistent
extended Triad-ATRG for D > 54

— Convergence is good

TN25@2025/7/18
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Numerical results

I e - M M
GPU PARALLELIZATION

|V TsdATRGr =7 J > Practical cost reduction
I :DS “ / 6
4 £ ' > TRG is suitable for GPU
gol0tE Vg ;;‘1’
é 4 ?'A’V '
= r" 7"‘
3 7 A | Employ TRG on GPUs (Julia language)
& - l. v /vvv -
SISl .v"v’ : 1
: OOV, 4 ]
05595099 |
AR |  ATRG : O(D%)
L /// _
102 S N ////lllll D‘ Triad-ATRG:O(D6)
15 20 25 30 35 40 45 50 55
D

[GPU computation reduces the cost ! Suitable for Triad-ATRG]
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Numerical results

OVERSAMPLING OF BOND-SWAPPING

> Consider oversampling of bond-swapping step

P Oversample mbond times ( blue line )
> ATRG: O(TIQ)ondDg) @
> Triad-ATRG: O(rf_ D" +r?ri D") (2 — ILO Triad-ATRG

T - o
7 (%) 0(x7) */—0 :Z(F 2

qrx

S

|
|
l
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free energy

-4.933

-4.9335 |

4934 |

-4.9345 |

-4.935 -

-4.9355 |

-4.936 -

-4.9365 |-

Numerical results

OVERSAMPLING OF BOND-SWAPPING

ATRG
Triad-ATRG, r =7
Triad-ATRG, r = 20

O x + 0O

Triad-ATRG, 7hona =5, 7 = 7| |

| = Oversampling of bond-swapping

| > Lower free energy than ATRG

| Problem
1> Bond-swapping is bottleneck

— Parallel implementation is needed

|
20
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Numerical results

B e . o M A
UNIVERSALITY CLASS OF 4D ISING MODEL

1. [M. Aizenman and R. Fernandez, (1986).]
2. [F. J. Wegner and E. K. Riedel, (1973).]

> Analyze 4D Ising model using Triad-ATRG
> Critical exponents exactly follow mean-field values.

> Perturbative analysis predicts logarithmic corrections”

m(T) ~ |T, — T|ﬂ| In |Te — T||B m : magnetization
1 5 h : external field
m(h) ~ |h|?|In |Al] T : temperature

> log corrections have been rigorously proven in ¢* theory

»» Monte Carlo (FSS) shows no clear evidence yet
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Numerical results

SCALING COLLAPSE

> Assume mean-field critical exponents and test for logarithmic corrections

» Magnetization is expected to follow the form: f : scaling function
m - A |1Il |7_| | A v, 4 : critical exponent
—~ = f v, /\ : logarithmic corrections
B~ 3 | In|R|+ S " T =R

[R. Kenna, D. A. Johnston, and W. Janke, (2006).]

t- Critical exponents : A = 2, v =1(MF), A =0, 7= % (¢* universality )
> Check scaling collapse for m(r, h)

> Investigation with Triad-ATRG (D =50, r = 20,V = 1024%)
cf. Monte-Carlo: v = 2564

[P. H. Lundow and K. Markstrom, (2023).]
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Numerical results

SCALING COLLAPSE

t- plot with(7 = 0) /without( ¥ = 5 ) logarithmic corrections

~ ~ 1
7=0 T3
3 . . o .
preliminary o preliminary
- 2.5 A ~
= =
S g 2 o’ E]
vy : =
B A i
st o o h=0.01] =
g A h=0.02
EI = h=0.03
| . .
0 1 2 3 4
2 |In |7 |?
h
collapse with logarithmic corrections
TN25@2025/7/18
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Numerical results

SCALING COLLAPSE

t- plot with(7 = 0) /without( ¥ = 5 ) logarithmic corrections

- < _ 1
7 =20 Y= 3
. . o ) .
sl preliminary S sl Preliminary
Y O 4
= 1.06 © £ 1.06
= - =
= o o° i
G 1.04 Ao A o104t
l |
E GO%EI '_,‘Q
L2k R o h=0.01 Loal o h=0.01]
- A h=0.02 s h=0.02
m| a h — 003 o h — 003
148 ' ' ' ' 1 ' ' ' ' ' '
0 0002 0004 0006 0008 001 0012 0 001 002 003 004 005 006 0.07
A |111 |7’||A A (T |- 1A
h

Indicating log corrections
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Summary

I < e ..o M. A
SUMMARY

Triad-ATRG achieved significant cost reduction from the ATRG
Free energy are highly consistent with the ATRG

Other quantities are also comparable ]-skipped

Enables calculations in larger bond dimensions

Triad-ATRG achieved higher prediction than the ATRG

Application for critical exponent of Ising model
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Summary

N < e v M. M
FUTURE WORK

www.elsa-jp.co.jp/wp-content/uploads/2023/01/85af85f357acd5e36904af6b3fe2f88a.png

> Enlarge bond dimensions (using NVIDIA H1007?)
> Application for Grassmann tensor network and other system

> Estimation of critical exponents

Thank you for listening
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